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Pradyoth Shandilya®,' Kartik Srinivasan®,%* Curtis Menyuk ©,' and Grégory Moille ®%3-"

"University of Maryland, Baltimore County, Baltimore, Maryland 21250, USA

2Microsystems and Nanotechnology Division, National Institute of Standards and Technology, Gaithersburg, Maryland 20899, USA

3Joint Quantum Institute, NIST/University of Maryland, College Park, Maryland 20742, USA
® (Received 11 May 2026; accepted 15 September 2026; published 13 October 2026)

Integrated frequency-comb sources are a key enabling technology for frequency-metrology applications. Their
on-chip integration promises to bring metrology capacity outside of the laboratory, particularly since they can
operate at low continuous-wave pump laser power in the dissipative Kerr soliton (DKS) regime. Yet such a small
footprint and low power come at a cost: higher noise and overall lower comb power. In particular, this translates to
highly challenging detection and locking of the carrier-envelope offset, which is necessary for complete stabiliza-
tion of the comb. Recently, Kerr-induced synchronization (KIS) of a DKS to a reference laser was demonstrated
as a tool for passive all-optical stabilization of DKS microcombs, with fundamental modification to the DKS
and microcomb properties. Here, we demonstrate that the combination of additional power from the reference
laser (now part of the DKS) and the KIS phase locking that pins the repetition rate together fundamentally alters
the DKS, forcing an energy redistribution to maintain its center of mass. We demonstrate this self-balancing
effect theoretically, which in a pure quadratic dispersion resonator leads to reference-dependent recoil. With
higher-order dispersion through which the DKS generates phase-matched dispersive waves (DWs), we show that
self-balancing results in the enhancement of the high-frequency DW power, offering an all-optical pathway for

efficient carrier-envelope-offset detection in octave-spanning microcombs.

DOI: 10.1103/921d-nf7h

I. INTRODUCTION

Optical frequency combs based on dissipative Kerr solitons
(DKSs) in microresonators have emerged as low-power [1],
mass-scale fabrication-compatible [2,3], and versatile coher-
ent light sources for metrology [4,5], communications [6],
spectroscopy [7], distance ranging [8], and other applica-
tions. However, like table-top counterparts, these microcombs
require complete stabilization for metrological applications,
typically involving detection and locking of their carrier-
envelope-offset (CEO) frequency. Yet their low pump power
and small footprint directly translate into low power per comb
tooth and larger thermo-optic noise [9], leading to a poor
signal-to-noise ratio [10] in nonlinear f — 2f interferome-
try for CEO detection [11]. Overcoming this limitation is
essential for advancing field-deployable microcomb systems
that combine broad spectral coverage with high coherence.
A promising pathway towards such control is Kerr-induced
synchronization (KIS) [12], in which a second laser injected
into the same microresonator housing the DKS phase syn-
chronizes the soliton [13], enabling passive stabilization and
capture of a comb tooth. Thus, KIS provides a mechanism
for passive two-point external control of the DKS microcomb
to achieve ultralow-noise operation [14]. This ultralow-noise
performance results from a fundamental modification of the
DKS dynamics under KIS, breaking its symmetry to bypass
intracavity noise and alter tooth-to-tooth noise propagation
[15].
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Previous investigations of KIS primarily focused on how
the injection of a reference laser modifies the DKS repeti-
tion rate [12,16,17] and the resulting improvements in noise
performance and passive stabilization [14,15]. What has re-
mained largely unexplored, however, is how the injection
of the reference laser fundamentally alters the energy dy-
namics of the DKS itself, specifically how the intracavity
energy distribution and spectral symmetry of the soliton re-
spond to the asymmetric power injection. Furthermore, prior
theoretical treatments were largely confined to the case of
pure quadratic dispersion [17,18], leaving the question of
how higher-order dispersion terms which govern the forma-
tion of dispersive waves (DWs) and strongly modify spectral
energy dynamics interact with KIS-induced energy redistri-
bution as an open and important problem. In this work, we
demonstrate that, by constraining the soliton’s group veloc-
ity through the fixed frequency difference between the two
optical pumps, KIS introduces a new degree of freedom in
controlling the intracavity energy flow and spectral symme-
try of the soliton state. We reveal that under KIS, the DKS
undergoes a self-balancing process that restores its spectral
center of mass (SCM) to the mode pumped by the main
pump, compensating for the asymmetric energy injected by
the reference pump on one side of the spectrum. Through
a perturbative analysis of the multipump Lugiato-Lefever
equation (MLLE) [16], supported by numerical simula-
tions, we show that the soliton experiences a compensating
spectral recoil directed opposite to the reference frequency
[Figs. 1(a)-1(c)], effectively redistributing energy within the
comb to maintain its spectral equilibrium. Importantly, this
mechanism, which we term soliton self-balancing, has no
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FIG. 1. Soliton self-balancing mechanism through spectral energy redistribution under Kerr-induced synchronization. (a)—(c) Pure
quadratic dispersion case. (a) The DKS frequency comb centers on the main pump. The equivalent lever diagram represents conservation
of the center of mass, which in the single-pump case corresponds to equal weight at equal distance from the center (i.e., the main pump). (b)
In the KIS regime, however, the reference pump becomes part of the DKS and adds asymmetric energy, creating a nonphysical imbalance. (c)
Because the repetition rate is pinned by the main and reference pumps, the DKS cannot compensate for the energy imbalance through temporal
drift. The sole degree of freedom available to the DKS is to shift its center of mass, resulting in recoil. (d)—(f) Higher-order dispersion case. (d)
If the resonator exhibits at least a tertiary dispersion term, the DKS becomes phase matched to at least one azimuthal mode of the cavity, leading
to dispersive wave emission and creating a natural imbalance and hence an intrinsic recoil for center-of-mass conservation. (e) Similarly, in
the KIS regime the reference pump adds an energy imbalance. (f) The DKS now possesses another degree of freedom to compensate for the
reference energy. While it still compensates via recoil, it also increases its dispersive wave emission, enhancing the dispersive wave mode away

from the reference mode. DW: dispersive wave.

analog in conventional single-pumped systems. Systems un-
dergoing recoil from either higher-order dispersion [19,20] or
Raman scattering [21-23] exhibit both spectral and temporal
recoil because one follows from the other and, with appro-
priate engineering, they can cancel one another [23,24]. In
contrast, our KIS system decouples these effects. The spectral
recoil results from spectral reequilibration, whereas optical
trapping of the DKS fixes the repetition rate. Moving beyond
the case of pure quadratic dispersion, we further show that
in systems with higher-order dispersion, self-balancing can
transfer significant energy into a DW on the opposite side of
the spectrum from the reference pump, resulting in a power
enhancement of high-frequency DWs [Figs. 1(d)-1(f)]. The
concept of soliton self-balancing intuitively extends the un-
derstanding of how KIS results in a redistribution of DKS
spectral energy in systems with any order of dispersion. By
linking KIS, spectral recoil, and DW dynamics, our findings
reveal an energy reorganization behavior that can potentially
be harnessed for engineered spectral control in chip-scale
platforms.

II. SELF-BALANCING IN PURELY QUADRATIC
DISPERSION RESONATORS

In the simplest system where the resonator exhibits only
quadratic dispersion, the DKS follows a hyperbolic-secant-
squared-like envelope that is perfectly symmetric about the
main pump, without recoil. Consequently, the output state
produces a frequency comb with repetition rate vo that is
exactly symmetric about the primary pump. Equ1valent1y, its
spectral center of mass coincides with the pumped mode
[Fig. 1(a)]. KIS of the DKS from a second injected laser on
either side of the main pump causes the in-phase component
of the intracavity reference field to merge with the DKS.
Hence, it leads to a displacement of the SCM towards the
reference laser azimuthal mode [Fig. 1(b)]. However, due to
the optical trapping of the DKS inside the potential created
by the modulation between the main and reference pumps,
its group and phase velocities are now entirely pinned by
these two laser frequencies such that vrep = (Vpmp — Vref)/M,

KIS :
where v, ;> is the disciplined soliton repetition rate, vpmp and
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Vref are the main and reference pump frequencies, and M is the
number of modes separating the two pumps. When at the cen-
ter of the KIS window, namely, Vief = Vpmp + M vrep, where
the reference pump frequency exactly matches the frequency
of one of the comb lines before KIS, there is no change in
the repetition rate before and after KIS (v, = v}%), even
though more power has been injected into the microresonator
asymmetrically with respect to the main pump frequency. We
therefore define the self-balancing effect as the redistribu-
tion of intracavity spectral energy that restores the spectral
center of mass, consistent with the conservation of the DKS
momentum [16,17], after asymmetric energy injection by the
reference pump under the fixed group velocity and repetition
rate imposed by KIS. With only quadratic dispersion avail-
able, the sole route to restore the spectral center of mass is a
compensating spectral recoil away from the reference pump
frequency [Fig. 1(c)]. Moving next to the case when higher-
order dispersion is present, the possibility of phase matching
between the cavity resonances and the soliton exists, leading
to the creation of DW(s) [25-30], which will cause both a
spectral and a temporal recoil [20,31] in the single-pump case
[Fig. 1(d)]. Therefore, the addition of the reference pump
leads to the same energy imbalance as in the pure quadratic
dispersion case [Fig. 1(e)], introducing yet another degree
of freedom to enable self-balancing. The dispersive radiation
from the soliton can increase, leading to an enhancement of
the DW opposite to the reference in the optical spectrum
[Fig. 1(f)]. We study the latter case in the next section; in this
section, we begin our study of soliton self-balancing in the
simplest possible system to gain physical insight: a microres-
onator exhibiting purely quadratic dispersion.

The impact of the reference pump on the DKS spectral
energy distribution can be analyzed using standard soliton
perturbation theory [32-34], which has been successfully used
to study soliton dynamics in microresonators [35,36]. The
soliton dynamics in microresonators pumped by two lasers is
described using the loss-normalized MLLE [15,16]:

da . . i .
5 = (U Hiopm)a+i ) DA +ilal’a
)2
+ Fpmp + Frefei(aref—Otpmp+Dim(Mref))f+iﬂref9’ (1)

where a is the intracavity field amplitude, A is its Fourier
transform, ¢ is time, 6 is the azimuthal coordinate, apmp
(oter) is the detuning of the primary (reference) pump with
corresponding amplitude Fpyp (Fref), Dine is the integrated
dispersion as a function of the relative mode number w, and
Wy 1s the relative mode number of the reference pump. If we
consider only up to second-order dispersion, Eq. (1) reduces
to

da 9%a
i = —(1 +iopmpla + iDr— 592 +ilal*a
+ Fpmp + Eefei[aref_apn\p+D1n[(lLref)][+i,uref9, (2)

where D, is the second-order dispersion coefficient. Normal-
izing Eq. (2) with respect to the detuning following [35], with
further details described in the Supplemental Material [37]

(which also includes Ref. [38]), we obtain

P 2
B—‘f=—( )w+-—¢+z|w| v

- éhpmp - éhrefemjx + U%_Iﬁa €))
where ¥ (x, t) is the normalized intracavity field amplitude
defined in the normalized azimuthal coordinate x, § is the
normalized loss, hpmp (M) is the normalized main (refer-
ence) pump amplitude, and o is the normalized detuning of
the reference pump from its closest comb-line frequency. By
treating the loss and gain terms perturbatively and grouping
them together within the term eP(x, t), we can rewrite the
detuning-normalized MLLE in Eq. (3) as
oy i i a%p

=Vt e

ot
where ePWr,x,t) = =8¢ + 00y /ox — (i/2)[hpmp +
heere™*] are the terms we will treat perturbatively and
the € coefficient is used to indicate that the terms are
small. The MLLE as written in Eq. (4) is convenient for
theoretical analysis because it is of the form of a perturbed
nonlinear Schrodinger equation, which enables the use of
standard soliton perturbation theory to study the impact of the

reference pump on the soliton. We therefore assume that the
solution is of the form

+ily Py 4+ €Px, 1), “4)

Wy(x, 1) = Asech[A(x — xg)Je/tr—%0)=i¢ (3)

where the parameters p; = A, xo, i, ¢ are the soliton am-
plitude, central position, central frequency (which we also
refer to as spectral recoil), and central phase, respectively. We
assume that only these four parameters are subject to variation
due to the presence of a perturbation. With this assumption,
we employ soliton perturbation theory to calculate how xq
changes with time in the presence of the loss and gain pertur-
bative terms (see the Supplemental Material), and we obtain

dxo hrermt? M0 [LsT0
o hpgsir — 0 + ZAZ sech( A )tanh( A

). ©

where /ipgs = vV (t/A) [ |Wy(u)’dp is the normalized
soliton energy, x <> u are Fourier transform pairs, and
() = [ ¥s(x)e" " dx is the Fourier transform of ,(x).
When the soliton is in the KIS regime, Eq. (4) has station-
ary solutions. Therefore, in KIS, dxo/dt =0, and Eq. (6)
becomes

h fnz MsTT MsTT
Mty = — ZA2 sech(ﬂ> tanh( A ) + o,
s T
- h( ) 7
DKsM ks tanft { = +o. (N

We note that hZKIS = (w2 /4A%)hysech(u,m /2A), and hgis
was previously defined as the KIS energy [12,17] equal to
the normalized geometric mean of the reference pump energy
hrs and the power of the comb tooth where the synchroniza-
tion occurs A(u,;) = sech(u,mw /2A). While [17] showed that a
spectral recoil can occur with a change in the DKS repetition
rate when the reference pump frequency is detuned from the
comb-tooth frequency of the unsynchronized DKS (o # 0),
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FIG. 2. Self-balancing in a pure quadratic integrated dispersion
microresonator. (a) Simulated spectra with (blue) and without (pur-
ple) KIS. FWM: four-wave mixing. The parameters from Eq. (1)
used in this simulation are Fynp = 1.5, Ft = 0.25, and oy = 2.5.
(b) Spectral recoil that occurs due to KIS. When the reference pump
is used to synchronize the DKS on one side of the spectrum, a
spectral recoil occurs, and the spectral center of mass is shifted in
the opposite direction. (¢) Comparison of simulated and analytically
calculated spectral recoil at varying reference pump mode numbers
and amplitudes. The simulated spectral recoil (circles) follows the
numerically fitted analytical expression in Eq. (7) (dotted lines). The
maximal spectral recoil is obtained at the same (¢ for all reference
pump amplitudes.

our aim in this section is to conclusively show that the self-
balancing phenomenon is more general and that a spectral
recoil occurs even without a change in the DKS repetition rate
and momentum. Therefore, we consider the case where the
reference pump is injected at a frequency exactly equal to the
frequency of one of the comb lines, i.e., when o = 0. In this
case, Eq. (7) shows that there is indeed a spectral recoil (i, #
0), as shown in Fig. 2(b), even though there is no change in
the DKS repetition rate. This results in a behavior similar to
the all-optical phase trapping through cavity modulation of
a table-top fiber comb, which could be used to counteract
the undesirable spectral recoil arising from the Raman effect
[39]. Our results present the main advantage of KIS-induced
self-balancing as an all-optical phenomenon and therefore
compatible with any cavity free spectral range and hence
with an integrated DKS platform. This result is significant
by itself because it shows that KIS exhibits a spectral recoil

without a change in its repetition rate, unlike systems with
Raman-induced spectral recoil [21,40] or high-order disper-
sion [25,31], where a spectral recoil is necessarily associated
with a change in the repetition rate. Furthermore, Eq. (7)
has the form of a conservation-of-torque equation because
it can be written in the form m;l; = myl,, where m; = thKS
and m, = h%IS represent masslike quantities and /; = w, and
I, = —tanh(u,m /2A) represent lengthlike quantities. There-
fore, Eq. (7) provides the magnitude of the spectral recoil
needed for the DKS to maintain its repetition rate. The right-
hand side of Eq. (7) has a distinctive sech(-)tanh(-) form,
implying that for a given reference pump amplitude, an op-
timal mode number w, exists at which the reference pump
can be injected to maximize the recoil and that this optimal
mode number is independent of the reference pump ampli-
tude. An important difference from the expression that was
derived for the spectral recoil in [18] using the method of
moments is that the expression we have derived here is an
explicit function of the reference pump mode number and
offers testable predictions such as the existence of an optimal
mode number, while the expression in [18] is a function of a
phase term whose mode-number dependence is unknown and
can be obtained only through numerical simulations. To verify
the validity of our analytical calculations, we simulate Eq. (2)
while fixing all parameters except pyr and varying ps for
different values of Fi.s. The simulated spectral recoil (circles)
in [Fig. 2(c)] matches the numerically fit Eq. (7) (dotted lines).
We observe that the maximum spectral recoil occurs at the
same reference pump mode number for all reference pump
amplitudes, thereby validating Eq. (7) and confirming that
self-balancing necessitates a redistribution of spectral energy
even when the DKS repetition rate remains unchanged.

III. SELF-BALANCING EFFECT IN THE PRESENCE
OF A DISPERSIVE WAVE

In Sec. II, we observed analytically and numerically
through MLLE simulations that the injection of a refer-
ence pump causes the soliton to undergo a spectral recoil to
conserve its spectral center of mass without changing the rep-
etition rate, lending credence to the notion of self-balancing.
Ultimately, however, we are interested in showing that the
self-balancing effect can lead to an increase in DW power as
a way to conserve the spectral center of mass. Additionally,
we aim to show that an increase in DW power is indeed due
to self-balancing and not through simple four-wave mixing
between the main and reference pumps. Prior theoretical work
on the impact of KIS in systems with high-order dispersion
was restricted to numerically studying how the locking range
for KIS is modified [18]. However, the dependence of DW
power enhancement on the reference pump power and the
existence of an optimal injection mode number have not been
studied. Since DWs were not present in the simple system
with a pure quadratic integrated dispersion that we considered
in the previous section, we modify the integrated dispersion
to include a small but non-negligible third-order dispersion
term. We restrict the present analysis to the regime of weak
third-order dispersion, which leads to the formation of a DW
relatively far from the center of the soliton spectrum, such that
its effects can be treated perturbatively. For larger values, the
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DKS dynamics become substantially more intricate [41] and
would require a separate treatment that is beyond the scope of
this work. Including third-order dispersion modifies Eq. (2),
which now becomes

%9 _ (1 4 iogmpa + D2 1+ D3 2% 4 iala

—=— idpmp)a + iDy— — +ila

ot pmp 2907 " 963

+ Fomp + Frefei[t)tref—%mp-‘rDim(lLref)]H-lltref97 8)

where Dj is the third-order dispersion coefficient. Normaliz-
ing Eq. (8) with respect to the detuning otpyp, we now find
Iy ' i’y
= +
ot 2 lﬂ 2 ox2
where €P39P(x, t) contain the terms we treat perturbatively,
given by

+ilY Py + PPk, 1), )

3 . .
w J% - ihpmp - ihrefemxxa
ox 2 2
(10)
where B3 is the detuning-normalized third-order dispersion
coefficient. We choose the signs of 3 and pu, such that the
DW mode and the reference pump mode are on opposite sides
of the spectrum. In this modified system, there are now two
routes for the conservation of the soliton spectral center of
mass in the KIS regime—a spectral recoil similar to what was
described in the case of a pure quadratic integrated disper-
sion and also an enhancement of the DW power. That is, the
presence of a DW acts as a new degree of freedom for the
soliton self-balancing to occur. We first calculate the impact
of KIS on the soliton spectral recoil. As a starting point for
our perturbative analysis, we assume the soliton ansatz that
was derived in [42] and used in [25],

ws(x’ t) — ASGCh[A(X _ xO)]e{iuﬁob(xfxo)fﬁAtanh[A(xf)rg)]}’

(11
where we have applied the transformation x — x — 3¢ to
remove the change to the group velocity caused by third-order
dispersion and 3O is the soliton central frequency in the
presence of third-order dispersion and KIS. Using the same
perturbative technique that we used in the previous section but
with the modified perturbation in Eq. (10), we obtain an ex-
pression for the spectral recoil with third-order dispersion and
a reference pump

eP¥P(x, 1) = —5w+ﬂ3

href n?

2 3OD
i 4 A2

KSHr

2
sech( n )t h( A ) + 26347,

12)
which is identical to Eq. (7) except for the additional term
283A2, which is the spectral recoil due to the third-order dis-
persion term. First, we note that Eq. (12) predicts a shift in the
soliton spectral center of mass with a magnitude proportional
to B3, which is a result of the change in DKS momentum
due to the emission of a DW. Equation (12) also shows that
the presence of the reference pump continues to modify the
soliton spectral center of mass in a manner identical to what
was observed in the simplistic pure-D, system that was con-
sidered in the previous section. Additionally, Eq. (12) shows
that injecting the reference pump at a mode on the opposite
side of the spectrum to where the DW is can counteract the
recoil due to the DW. This effect provides a KIS-enabled
all-optical pathway to suppress unwanted spectral recoil, like

those arising through the Raman effect or strong DW emis-
sions. We verified the validity of this effect through MLLE
simulations and observed that synchronizing the DKS with a
reference pump with sufficiently high power and at a mode
on the opposite side of the spectrum from the DW can com-
pletely cancel the recoil induced by the DW emission without
modifying the DKS repetition rate, as shown in Figs. 3(a) and
3(b). The MLLE simulations also show that the power of the
comb teeth increases around the DW mode [Fig. 3(c)]. Having
numerically and analytically shown that KIS can lead to a
spectral recoil, we next calculate the DW power as a function
of the mode number (see the Supplemental Material),

il 7l T s

(s o) e sech (") tanh (7).

(13)
where C(B3, upw ) = B3 iy sech(rr upw /2A) tanh (i pw /2A)
and upw is the relative mode number at which the DW is
found. Notably, Eq. (13) predicts that the optimal mode
number fisop for maximizing DW power enhancement is
independent of both S5 and the reference pump amplitude.
Using the same parameters as in Fig. 2, we compute the
DW power change over a range of u, for several reference
pump amplitudes, as shown in Fig. 3(d). We find that the
numerically computed DW power enhancement agrees well
with the numerically fitted analytical expression in Eq. (13)
and confirm that ji, o is independent of the reference pump
amplitude. Moreover, because we use the same value of D,
in Figs. 2 and 3, the optimal mode number for the maximal
spectral recoil in Fig. 2 is identical to the optimal mode
number for the maximal DW power enhancement in Fig. 3.
Since fis,0pt 7 —MDwW, this behavior cannot be explained by
simple four-wave mixing between the main and reference
pumps. Instead, it identifies self-balancing as the governing
mechanism where the conservation of the SCM occurs
through a combination of spectral recoil and DW power
enhancement. Next, we calculate the change in power of the
comb tooth at the mode pumped by the reference pump (see
the Supplemental Material),

AP(upw) =

AP(u,) = ,33,% 8A3 ch2( ZA)tanh2<'l;ZT). (14)

Dividing Eq. (13) by Eq. (14), we obtain

AP(upw) _ iiwsech(#8™) tanh (“557)
AP(us) plsech(%5) tanh (47) 7

which equals the reference-to-DW conversion efficiency via
self-balancing. Rearranging the terms in Eq. (13), we obtain
3

b4
il ) coth (MDW
Hpw 2A

1 UsTT WUsTC
= M_SCOSh( A )coth( A )AP(,LLS). (16)

Noting that (1 /x3) cosh(x) coth(x) is always a positive quan-
tity and increases monotonically at large |x|, we can draw an
analogy between Eq. (16) and the law of moments and rewrite
Eq. (16) as

5)

cosh ( )AP(MDW)

m(ppw)l (pw) = m(ps)l (1Ls), a7)
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FIG. 3. Demonstration of the self-balancing effect in the presence of a single DW. (a) Comparison of the frequency-comb spectra with
(blue) and without (purple) KIS. In the absence of KIS, the peak of the spectrum is offset from p = 0 due to a spectral recoil resulting from the
presence of a DW. When a reference pump is injected at the frequency of the comb line at p.f = —20, the soliton enters the KIS regime and
experiences a spectral recoil in a manner identical to what was shown in the pure quadratic case. (b) The KIS-induced spectral recoil opposes
the recoil due to the DW, and they cancel each other out, leaving the resulting spectrum nearly symmetric around © = 0. (¢) Apart from
the spectral recoil, the self-balancing effect leads to a significant increase in the power of the comb lines around the DW mode. (d) Change
in the DW power as a function of the mode at which the reference pump is injected for different reference pump powers. The circles show
results obtained from the MLLE, and dotted lines are fits to the analytical expression obtained in Eq. (13). A clear peak exists at the same [¢,ef
regardless of the power of the reference pump, and the DW power decreases monotonically away from this peak, clearly demonstrating that
the DW enhancement in the presence of the reference pump is not due to simple four-wave mixing between the main and reference pumps. (e)
The ratio of the DW power and the reference pump power as a function of the reference pump mode number, indicating the efficiency of DW
enhancement due to the self-balancing effect. The ratio increases monotonically with p.f, in agreement with Eq. (16).

where m(u,) = AP(u,) represents a masslike quantity
and [(u,) = (l/uz)cosh(unn/ZA)coth(unn/ZA) represents
a lengthlike quantity. To verify the validity of Eq. (17), we
simulate the MLLE [Eq. (8)] with a fixed reference pump
power and calculate the ratio in Eq. (15) for increasing .
We observe that the ratio becomes larger at high uy, as shown
in Fig. 3(e) and predicted by Eq. (17).

IV. DISPERSIVE WAVE ENHANCEMENT
WITH QUARTIC DISPERSION

Having established the self-balancing behavior in purely
quadratic and cubic integrated dispersion systems, we now
extend our analysis to a resonator with an experimentally
realistic and desirable quartic dispersion that supports two
distinct DWs on either side of the main pump frequency.
This system provides a practical platform for achieving
broadband, octave-spanning frequency combs suitable for
self-referencing applications, where high power at both spec-
tral extremes is desirable to realize a sufficient signal-to-noise
ratio in fe, detection. While dispersion engineering can intro-
duce DWs at either end of the soliton spectrum, their powers at
higher frequencies are limited due to inefficient out-coupling.
It was previously shown in [12] that achieving KIS by in-
jecting the reference pump at the low-frequency DW resulted
in a substantial increase in the power of the high-frequency
DW despite the DW mode numbers being asymmetric with

respect to the main pump. Since the DWs are sufficiently far
from the center of the DKS spectrum, injecting the reference
pump at the low-frequency DW enables efficiently achiev-
ing KIS because the comb-tooth frequency is very close to
the corresponding resonance frequency. The self-balancing
mechanism that KIS enables offers a means to redistribute
soliton energy, enabling selective enhancement of the weaker
high-frequency DW without perturbing the soliton repetition
rate. The condition that the DWs are far from the center of the
DKS spectrum is important because it ensures that the DKS
remains in the anomalous dispersion regime, avoiding the
near-zero-GVD regime [43,44] where the DKS dynamics are
fundamentally altered [45]. This ensures that the perturbation
theory developed for cubic dispersion in the previous sec-
tion continues to govern the DW enhancement, with the key
distinction that the reference pump now couples energy to the
system more efficiently. We numerically model the behavior
using the MLLE [Eq. (1)] with an integrated dispersion up
to fourth-order terms, thereby generating a microcomb that
exhibits two DWs unequally spaced from the primary pump
frequency, as shown in Fig. 4(a). When the reference pump
is injected at a frequency that coincides with the frequency
of the low-frequency DW, the soliton enters the KIS regime,
fixing its repetition rate while enforcing the conservation of
its spectral center of mass. Due to self-balancing, the soliton
reallocates its energy by enhancing the high-frequency DW
power, as shown in Fig. 4(a). Next, we consider how the
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FIG. 4. Numerical demonstration of DW power enhancement
due to self-balancing. (a) Numerically calculated spectra with (blue)
and without (purple) KIS, demonstrating that the injection of the
reference pump at the low-frequency DW leads to a proportional
increase in the high-frequency DW power APpw on the other side
of the spectrum. (b) The change in the high-frequency DW power is
linearly proportional to the change in the comb-tooth power where
the reference pump is injected, as predicted analytically.

high-frequency DW power depends on the reference pump
power. Equation (13) predicts that the change in DW power is
linearly proportional to the change in the power of the mode
pumped by the reference pump. In the MLLE, we calculate
the change in the high-frequency DW power as a function of
the change in the reference pump power, as shown in Fig. 4(b).
We observe that the DW power follows the linear relationship
that is predicted by the soliton-perturbation-theory model,
further confirming that the self-balancing mechanism operates
consistently across dispersion regimes.

V. CONCLUSION

We theoretically and numerically demonstrated KIS-
induced self-balancing of dissipative Kerr solitons. Through
perturbative analysis of the multipump Lugiato-Lefever equa-
tion and corresponding numerical simulations, we showed
that a soliton can conserve its spectral center of mass by
dynamically redistributing energy between different regions
of its spectrum. In the simplest quadratic-dispersion system,
this manifests as a spectral recoil on the opposite side of
the optical spectrum from the reference pump. The self-
balancing-induced recoil can be harnessed to all-optically
compensate for undesirable sources of spectral recoil such
as those arising due to the Raman effect without requiring
external components that may not be chip compatible [39].

Extending our analysis to systems that include higher-order
dispersion, we showed that this same self-balancing mecha-
nism transfers energy into a DW on the opposite side of the
spectrum, leading to measurable power enhancement without
changing the repetition rate. For a quartic-dispersion res-
onator supporting two DWs, we showed that synchronizing
the soliton at the low-frequency DW results in significant
self-balancing-induced enhancement of the high-frequency
DW power. The observed linear scaling of DW power with
reference pump power is a direct signature of self-balancing
and distinguishes the process from simple four-wave mixing.
These results establish soliton self-balancing as a universal
mechanism governing the energy flow in DKSs operating in
the KIS regime. Interestingly, our approach could be extended
to a multi-DKS state within the same resonator. In addition to
reorganizing the multisoliton state in the optical-lattice trap
generated by beating between the main and reference pump
lasers [46], we expect self-balancing to act collectively on
the intracavity field rather than independently on each soliton.
This collective action could produce a combined effect on the
extracted microcomb, opening new avenues for optimizing
metrological microcomb sources. Beyond revealing a new
form of nonlinear cavity equilibria and intracavity energy
dynamics, self-balancing provides an all-optical pathway to
engineer coherent spectral broadening of chip-scale octave-
spanning microcombs whose spectral properties cannot be
conveniently altered postfabrication.
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S.1 Review of soliton perturbation theory

In this section, we will review how soliton perturbation theory can be used to calculate the impact of perturbations on
soliton parameters. The nonlinear Schrodinger equation (NLSE) can be written as

oY i oY i 0? ,
rn =N(y) = _§(A2+M3)¢+Nrafx+§@ +ily*y, (S.1.1)
which admits stationary soliton solutions of the form
Vs(2,t) = Asech[A(z — xg)]eilrr(@=z0)l=id (S.1.2)

where the parameters p; = {A, zo, ptr, and ¢} are the soliton amplitude, central position, central frequency (or spectral
recoil), and phase respectively. The linearized operator of the NLSE, £ = N/ 5\I'|\I,S is

i o) i 9 . .
r— <Q(A2+N%)+/’LT33¢+2{)$2+27’¢3|2 i? (S.1.3)

e i i 92 ;
—i(y7)? SAP )+ s — 5 2l|¢s|2>
and U = (¢,1*). Since the soliton solution in Eq. (S.1.2) has four free parameters, Eq. (S.1.3) has four h zero
eigenvalues,

ha = %{1 — Az — zg) tanh[A(z — 2¢)]} (S.1.4a)
qu = Z(l‘ - xo)% (Sl4b)
Yy = —its (S.1.4c)
Yy = 028 gy {ity + Atanh[A(z — 20)]} (S.1.4d)

each of which corresponds to a perturbation of one of the four soliton parameters. To find the adjoint eigenfunctions of
Eq. (S.1.4), we will first write the adjoint of Eq. (S.1.3). The adjoint matrix £ is given by

. .2 . .
. (;(Auuzwrai e P i )

. Z_ e (S.1.5)
—i(1f)? — (A% +12) + 2+ 22+ 2,2

The generalized eigenfunctions of Eq. (S.1.5) that satisfy the inner product relation (U, ¥,,) = &y, for the eigenfunc-
tions of Eq. (S.1.3) are

Yy =1s (S.1.6a)
E#T = i)s tanh[A(z — x0)] (S.1.6b)
By = =iy~ 20) — iA(w — o) tanh[ A — w0)]} (S.1.6¢)
g, = (z — xo)%. (S.1.6d)
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Next, we assume that the Lugiato-Lefever equation (LLE) is of the form
% i 0%
ot 2 0x?

where y(z,t,) contains all loss and gain (pump) terms, and any other perturbation whose impact we want to analyze
that cannot otherwise be handled analytically. We can rewrite Eq. (S.1.7) in the form of Eq. (S.1.1) as

= 204 Lo i+ ex(a, 1) (S.1.7)

0 0
O = NW) — g+ S (A4 4 = 1) ex(,1,0), (518)
and equivalently in matrix form as
ov ov i, , 9
T N(TU) — p o + 2(A + pr — DIV 4 €P(x,t,P), (S.1.9)

where [ is the identity matrix. In general, we can write the solution of the LLE as a sum of the NLSE solution in
Eq. (S.1.2) and a perturbative correction term

U(x) = Uy(p;) + eAU(x,1), (S.1.10)
Substituting this in Eq. (S.1.9), for any p;, we obtain

dp; — OeAT AT 1.,
L =LAV 2V — thp—— — =(A — IV 111
Pj dt te ot eL +‘U, 0 1% oz 2( +/Lr ) [ (S )

+ 6%(142 + 2 = DIAT + €P.

In Eq. (S.1.11), we have made use of the fact that 0y/0x = —1),, and ip, = —1py to simplify the form of the
equation. To obtain the equation of motion of any of the free parameters, we simply have to take the inner product of
Eq. (S.1.11) with respect to the corresponding adjoint eigenfunction and note that <Wm, A\I/> =0 and <§m, \Iln> =mn-
Substituting z¢ and p, in Eq. (S.1.11), we obtain the equations of motion for the central position and central frequency,

dzo

il T (Ve P) (S.1.12a)
dCZT =e(T,,.P) (S.1.12b)

S.2 Derivation of analytical expression for spectral recoil in pure-D; microresonator

Here, we derive the self-balancing equation for a purely quadratic integrated dispersion microresonator, given in Eq. (7)
in the main text. The soliton dynamics in a dual-pumped microresonator can be modeled using the loss-normalized
multi-pump Lugiato-Lefever equation (MLLE)!2
da _ . . b 5112
== (1 + i) a i 3 D (0 A()e™ + ifafa
m (S.2.1)

4 Fpmp + Frefei(aref_apmp+Dit)t(Nref))t+il¢x-ef0’

where a is the intracavity field amplitude, A is its Fourier transform, ¢ is time, 6 is the azimuthal coordinate, apmp (Qrer)
is the detuning of the primary (reference) pump with corresponding amplitudes Fyomp (Fret), Dint is the integrated
dispersion as a function of the relative mode number u, and pu, is the relative mode number of the reference pump.
Considering only up to second-order dispersion, Eq. (S.2.1) reduces to

Oa . . 9%
o :—(1+zapmp)a+zD2692

+ Fpmp + Frefei(oéref Ocpmp-i-Dmc(/tref))t-‘riuref@’

2
+ilal’a (S.2.2)

where D5 is the second-order dispersion coefficient. Using the following change of variables in Eq. (S.2.2) which
represents a frame of reference where the pump fields are stationary?

Qref + Qpmp + Dint (,LLref)
HMref

0+ t=0t="¢, (S.2.3)




we obtain the autonomous MLLE

da _ 0%
it (14 tapmp) a +iDy— 502 +ilal?a
- Qref — Opmp + Dint (N’ref) % (824)
Mref 89

ipreft
+Fpmp+Frefelu f 3

where we have dropped the primes for convenience. The loss-normalized MLLE is convenient for physical intuition and
numerical simulations because it directly relates to experimentally tunable parameters, namely the pump amplitudes
(Fpmp and Fyer) and pump detunings (apmp and ouer). However, Eq. (S.2.1) cannot be directly used to analytically
study the impact of the reference pump on the soliton spectral energy dynamics. To facilitate analytical treatment of
the energy dynamics, we normalize Eq. (S.2.4) with respect to the main pump detuning and obtain®

oY 10
&——( >¢+282+|¢|1/)
i i np
_§hpmp_§hrefeu5 +O’7{IJ

(S.2.5)

where 9 =a/\/2apmp is the normalized intracavity field amplitude, 6 =1/2apmp is the normalized loss,

hpmp,ref = i EFpmp et/ \/iag{fp is the normalized main (reference) pump amplitude, t = ¢ X 2apmp is the normalized
time, * = y/2apmpl, and o is the normalized detuning of the reference pump. In the large main pump detuning limit
(apmp — 00), the normalized loss (§), and gain terms (Apmp and hyef) become small, and can be treated as perturbations
to the NLSE. Therefore, we can re-write Eq. (S.2.5) as

2
A

i 9%

o YR+ ex, (5.2:6)

where ex = —6¢ + 000 /0x — (i/2)(hmain + hrere#=®), and the coefficient € is used to denote that the terms in ey are
small. Eq. (S.2.6) is exactly the same as Eq. (S.1.7), and therefore we can use Eq. (S.1.12) to obtain the equations of
motion. For the central position, we obtain

% - %Msur —0 - % sin(,usxo)/ xsech(Az) sin((ps + pr))d (S.2.7)
_ s hrefﬂ'2 (‘UJQ + ,LLT)TI' (’LLQ —+ /’LT)T‘-
= AMsur —0— Az sech { 5 tanh 1

Since the spectral recoil is typically much smaller than the reference pump mode number, we assume that us > pu,
and simplify Eq. (S.2.7) as

dwrg m Pres? [T [T
9o _ T r b L . 2.
ot A st T 0T T g sec (2A)tan (2A> (8.2.8)

The coefficient (7/A)Msg is equal to one (which we retain for the sake of clarity) and Mg = [*_|F(1(z))|?dp is the
soliton’s spectral mass. In the KIS regime, the soliton solution is stationary. Therefore, setting dxzy/0t = 0, we obtain

%Msur = hZXZTQ sech (gi;) tanh (Zi;) + o, (S5.2.9)

which is Eq. (7) in the main text.

S.3 Derivation of analytical expression for dispersive wave enhancement in the presence
of third-order dispersion

In this section, we derive the enhancement in the dispersive wave (DW) power due to self-balancing (Eq. (13) in the
main text). The MLLE in the presence of third-order dispersion is

oy
ot

i 0%

5 902 + i) + eP3OP (1), (S.3.1)
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where ¢P30P(z,¢) contain the terms we treat perturbatively, given by

o3 0 ' i ,
EpgoD(xvt) = —51# + ﬂSai;é) + U% - %hpmp — %hrefelﬂsiﬂ’ (832)

where (3 is the detuning-normalized third-order dispersion coefficient. To use soliton perturbation theory, we use the
expression derived in* as the soliton solution ansatz in the presence of third-order dispersion

§3OP (2, 1) = Asech[A(z — Bat)]e?Ps (247 (2= fst) =3 A tanh[Ale—Fst)]} (S.3.3)

First, we calculate the impact of KIS on the spectral recoil p, in Eq. (S.3.1). Using the ansatz in Eq. (S.3.3) and
subtituting Eq. (S.3.2) in Eq. (S.1.12), and setting dxzq/dt = 0, we obtain

Pyt T2 T T
(0] ref Hs Hs
30D — 5 4 1Az sech(T> tanh( 54 ) +2p3A2, (S.3.4)
where the term 283 A2 is the spectral recoil due to third-order dispersion and the remaining terms are due to the
self-balancing effect. Having obtained the spectral recoil with KIS in the presence of third-order dispersion, we modify

the ansatz in Eq. (S.3.3) to include ,u£-30D) explicitly,

300 = Asech(Az’) exp |ipPOP)a’ — 3Aeps tanh(Ax)} (S.3.5)
~ Asech(Az)[1 +iu2°Px — 3iAefs tanh(Ax)].

T

where 2’/ = 2 — 29. We will now use the modified ansatz in Eq. (S.3.5) to calculate the position and power of the DW
in the presence of third-order dispersion following?. DWs occur when the soliton is in resonance with a linear wave,
i.e., when the soliton wavenumber is equal to that of a linear dispersive wave. Assuming that the DW is a linear wave
of the form e*(®**+1) and substituting it into Eq. (S.1.1), we obtain
Ly 3
ki(p) = B LA Bap’. (5.3.6)
Equating the wavenumber obtained in Eq. (S.3.6) to the soliton wavenumber (ks = A2?/2), we obtain the DW
phase-matching condition

3 Ly A?
Bsppw + SHow + 5 =0 (5.3.7)
This phase-matching condition, obtained here by equating the soliton and linear-wave wavenumbers, is equivalent to the
dispersive-wave phase-matching condition derived by Milidn and Skryabin®. Both follow from the same soliton-radiation
resonance and differ only in the choice of normalization and notation. Solving Eq. (S.3.7) to first order, we obtain the
DW position

1
HDW = *%. (838)

We assume that the solution of Eq. (S.3.1) is of the form ¢ (z,t) = ¥2°P(z,t) + f(z,t), where f(z,t) is the DW.
Linearizing Eq. (S.3.1) with respect to f(z,t), we obtain

of i |, Of 330D

oz3

Assuming that the DW has a fixed azimuthal form that is phase-matched with the soliton, we can substitute the ansatz
f(z,t) = r(z)e*s* in Eq. (S5.3.9) and take the Fourier transform to obtain

2i[p3OP 2 f —i(p3OP)? f = —ipy

(5.3.9)

FlBs0%93°P /02°] _  P(p)
k(p) — ks  ki(p) = ks

where R(u) is the DW in the normalized mode number domain, F is the Fourier transform operator, and P(u), which
is proportional to the DW power, is

R(p) = (S.3.10)

2

P(pt, hyet) = —iBsp® [wsech(;rg) + HSOD(BSahref)% Sech(%) tanh(%) — 3,837wsech(72rg)} . (S.3.11)



Subsituting Eq. (S.3.4) with and without Ay in Eq. (S.3.11), we obtain the DW power enhancement in KIS

Bperm? s Tl
AP(upw) = C(Bs, pow) 81;3 sech ( 2’2 ) tanh ( 2’“/‘1 ) , (S.3.12)

where C(Bs, upw) = B3y sech [(rupw)/(2A4)] tanh [(Tupw)/(24)].
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