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Abstract: Frequency combs generated in microresonators by nonlinear states, such as soliton
crystals, with crystalline defects can provide a rich optical spectrum that is useful for RF
applications. In this paper, we report on the existence of a novel soliton glass solution to a
modified Lugiato-Lefever equation, which we then show can be theoretically stable for Fabry-Perot
microresonators. Soliton glasses are unique compared to previously reported soliton crystals and
molecules in that soliton glasses produce a spectral line spacing that equals the inverse of the
repetition time of the waveform in the cavity, accompanied by a stable aperiodic temporal spacing
between soliton pulses in the resonator. Like a material glass, the soliton glass is characterized
by short-range order and long-range disorder. We show that there are transition regions to access
the soliton glass that go through spatio-temporal chaos. We computationally verify the stability
of the glass over time scales equal to 2000 photon lifetimes using conventional evolutionary
simulations in the presence of substantial noise. We also demonstrate the linear stability of the
glass solutions by showing that any perturbations decay on a time scale that is on the order of the
photon lifetime.

© 2026 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

Optical frequency combs have been the subject of a large amount of interest due to their
applications in time generation and transfer [1,2], astronomy [3], and RF generation [4,5], among
numerous other applications [6—8]. Most frequency comb solutions that have been theoretically
and experimentally demonstrated exhibit some tradeoffs in the usable comb bandwidth, density of
comb lines, and relative power between lines. Examples of solutions that have been demonstrated
in microresonators include cnoidal waves (Turing rolls and soliton crystals) [9,10], single solitons
[11], and soliton molecules [12—14]. Cnoidal waves can provide a wide comb spectrum since the
lines are separated by multiples of the free-spectral-range (FSR); however, this large spacing
between lines may limit usability in some applications where low FSRs are needed. On the
other hand, single solitons and soliton molecules have a period that equals the round-trip time in
the cavity, resulting in spectral lines that are spaced by the FSR. All these soliton systems are
commonly modelled by a nonlinear Schrodinger equation with the addition of a damping and a
driving term [15]. This equation is commonly referred to as the Lugiato-Lefever Equation (LLE)
[16—18]. The LLE assumes that the chromatic dispersion is purely quadratic. In practice, it is
often necessary to modify the LLE to include the full chromatic dispersion, in which case it is
referred to as a modified LLE.
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Soliton crystals [19-22] are another soliton waveform that has attracted much recent attention.
Different types of soliton crystal formations have been reported, such as soliton crystals with
equally spaced pulses, sometimes referred as perfect soliton crystals [19-21], as well as soliton
ensembles with crystal defects, sometimes referred as soliton liquids [21]. Perfect soliton crystals
yield an optical spectrum that is similar to Turing rolls, in that the comb lines are spaced apart
by several multiples of the FSR. Indeed, there is no consistent distinction between them in the
literature, although the term “Turing rolls” has usually been reserved for solutions with large
pedestals that typically appear at small frequency detunings of the pump laser from resonance,
while the term “soliton crystals” has usually been reserved for solutions with well-defined soliton
components that typically appear at large detunings. They have been referred to collectively as
cnoidal waves [9,10]. Perfect soliton crystals, like soliton molecules or single solitons, have
spectra that contain a smooth envelope [22]. Crystals with defects and the reported soliton liquids
result in a rich spectrum separated by a single FSR. Soliton pulses are periodically-spaced in the
resonator with the exception of one or more vacancies or one or more extended spacings [21]. In
the past, the generation of soliton crystals has been linked to the presence of avoided crossings
[19,21]. However, there are still distinct peaks in the spectrum, which have a characteristic
“shower-curtain” shape, and the power of many of the lines between the peaks is low, which
limits the usefulness of the spectrum in practical applications.

Here, we describe a novel solution to the Lugiato-Lefever equation (LLE), which we call a
soliton glass. This solution is characterized by dozens of stable, aperiodically-spaced soliton
pulses. Like a glass, this solution is characterized by short-range order, long-range disorder, and
is temporally stable [23]. It is characterized by a broad spectrum with a line spacing equal to a
single FSR and significant power present throughout the entire spectral bandwidth. This paper
extends a prior meeting publication [24]. Here, we verify the stability of the soliton glass solution
for the LLE using evolutionary [9,18] and dynamical [9] methods. We show that soliton glasses
can be supported in Fabry-Perot resonators fabricated with low anomalous, near-zero dispersion.

In condensed-matter physics, substances are commonly characterized by the presence or
absence of long-range and short-range order [23,25]. Systems that exhibit both short-range
and long-range order are classified as crystals, even in the presence of defects. When neither
short-range nor long-range order is present, the system is a gas. Systems that possess short-range
order but lack long-range order are classified as liquids or glasses. The key distinction between a
liquid and a glass lies in their dynamics: particles in a liquid continuously rearrange in time,
whereas in a glass the particle configuration remains stable in time. An analogous classification
applies to photonic soliton states. Soliton crystals exhibit both short-range and long-range order,
with pulses arranged periodically around the resonator, while soliton molecules possess only
short-range order in the form of tightly bound soliton clusters with fixed internal separations.
Finally, multi-soliton states lack both short-range and long-range order [26]. Soliton glasses
constitute a distinct regime characterized by short-range order and long-range disorder, while
remaining temporally stable. This combination of local order and global disorder results in a
dense frequency comb with a single-FSR spacing and substantial power across the full spectral
bandwidth.

2. Fabry-Perot resonators and the Lugiato-LeFever equation

Microring resonators that generate a frequency comb with a broad spectrum have been fabricated
and used in a number of applications; however, they typically have an FSR that is too large to be
directly used in applications that require radio frequency detection [27]. As a result, they are
often combined in systems with multiple microring resonators and complex locking electronics
[28]. Moreover, tuning the dispersion in a conventional microring is challenging since the
material dispersion typically dominates the total dispersion. Hence, we focus on Fabry—Perot
resonator structures, in which the dispersion can be precisely engineered by adjusting the chirped
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mirror dimensions. We specifically address a design based on a waveguide resonator with Bragg
gratings, realized by sidewall modulation at the two ends of the linear cavity. Figure 1 shows a
schematic illustration of a Fabry—Perot resonator incorporating linearly chirped Bragg gratings.
Changing the relative length between the gratings on either end will add or remove phase delay
between short and long wavelengths. As a result, it is possible to fine-tune the overall dispersion
in addition to broadly tuning the dispersion between normal and anomalous, which contributes to
the forming of the glass state.

Fig. 1. Schematic illustration of a waveguide Fabry-Perot resonator with chirped Bragg
gratings as mirrors. The two blue regions show the chirped Bragg gratings, and the center
grey region represents the linear cavity. The overall dispersion is determined by the combined
dispersion of all three segments. The relative dimensions shown are not to scale, and the
transverse dimension is intentionally magnified to improve visual clarity of the schematic.

As schematically shown in Fig. 1, light reflected from the left side of the Fabry-Perot resonator
will experience longer grating periods in the grating before experiencing shorter grating periods.
Light interacting with the grating on the right will first experience shorter periods and then
longer periods. As a result, different wavelengths will reflect at different longitudinal locations,
giving different effective cavity lengths and different net phase delays. For the device to operate
in the anomalous dispersion regime, the net phase delay from both segments must more than
compensate for normal dispersion in the unchirped portion of the resonator. In the cases that we
consider in this paper, the left grating has a length of L; =4 mm, the length of the unchirped
waveguide region is 20 mm, and the right grating length is longer than the left grating by an
amount on the order of several hundred micrometers [29,30]. Due to the longer length of the
right grating, longer wavelengths will travel a longer distance than short wavelengths for one
roundtrip within the cavity. Through a careful choice of the grating lengths, it is possible to
obtain net anomalous dispersion. When this dispersion is equally countered by SPM, solitons
generation occurs. A challenge to obtaining stable glass solutions is that the soliton pulses tend
to collapse into a small number of pulses—on the order of five or six—when the anomalous
dispersion becomes too large. It is thus necessary to carefully control the total dispersion in
order to obtain a stable soliton glass. To model the Fabry-Perot resonators, we start with the
normalized LLE along with additional modifications [31]

QD = — 3, [iD(m) + k(m)] (m, 1) exp(imd) + il (6, )2y, 1) — iy (6, 1)

(1)

+F + 20 (Jy (0,01 ) (0, 1) — 72520,
where (0, 1) is the electric field envelope normalized with respect to the Kerr coefficient, 6 is
distance normalized to 2, with the interval [-t,0] corresponding to forward propagation in the
cavity and the interval [0, 7] corresponding to backward propagation, ¢ is time normalized to the
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photon lifetime of the central mode, « is the normalized frequency detuning, <|1//|2> represents
the spatial average of |y/|?, D represents dispersion, and « represents the mode-number-dependent
loss. The normalized amplitude of the input field is F and is proportional to the square root of
the input power. In our simulations, we use experimentally measured values for D and x. We use
(6, 1) and ¥ (m, 1) to denote the Fourier transform pairs that are related via the relations

- d -
Bm,1) = [T (0.0 exp(-im0) 5, $(0.0= 3" Fom, 1 explimb). @

When D and/or « are asymmetric about the central mode number, a drift in the time domain
solution will occur, corresponding physically to a change in the group velocity. The computational
effect of this drift can be removed systematically with the addition of the final term in Eq. (1),
where 7 is the normalized drift velocity that we determine numerically. Compared to the
conventional LLE, Eq. (1) includes full chromatic dispersion. In addition, we also include
the additional term, 2i <|z,b|2> ¥, to account for the cross-phase modulation [31] that appears
because a Fabry-Perot resonator is a linear cavity, so that each pulse interacts with the train of
back-reflected pulses. The expression for k(m) is described in Sec. S.1 of the Supplement 1.
We used a central wavelength of 1538 nm in our simulations—a common wavelength used for
optical communications and for which relatively inexpensive sources exist. This wavelength also
corresponds to the pump wavelength and mode number u = 0.

We assume that the phase change per round trip in the Fabry-Perot device is small and that
the dispersion contributions from the gratings and the cavity may be averaged to yield a net
dispersion. The round-trip time in the resonator is on the order of picoseconds, which is a few
orders of magnitude smaller than the photon lifetime, which is on the order of nanoseconds.

We have studied whether it is possible to obtain glass solutions in microring resonators, in
which the cross-phase term that is present in Fabry-Perot resonators does not appear. We only
observed small groups of soliton molecules or a single large soliton molecule, but no glasses, as
described in Sec. S.2 of the Supplement 1.

3. Characteristics of soliton glasses

In most resonators, detuning the resonant frequency of the system away from its central or
intrinsic resonance is done to control the device’s spectral response. The balancing of the
self-phase modulation and dispersion is what determines the final soliton state, and therefore the
device’s spectral response. Accessing the soliton glass solutions requires the detuning to be swept
through the chaotic region. Figure 2(a) shows the steady-state soliton glass solution as a function
of position, normalized to 2m, within the Fabry-Perot resonator cavity. The experimentally
measured dispersion from an in-house fabricated device at Honeywell International, Aerospace
Advanced Technology Advanced Sensors & Microsystems [29,30] is used in our simulation and
is shown in Fig. 2(b). Figure 2(c) shows the detuning sweep over the evolution of 2000 photon
lifetimes, corresponding to 56 us with a photon lifetime around 14 ns. The normalized detuning
a, defined in Eq. (1), is swept starting at O and asymptotically approaches 16. The normalized
input amplitude F equals 4. The normalized time discretization equals 2 x 103, The electric field
begins evolving from vacuum noise fluctuations and quantum noise [6], which is included in the
simulation and is on the order of 10~7 in normalized units. The insets in Fig. 2(c) show different
states of the waveform as a function of 6 within the resonator at two different detunings. The
inset plotted in green corresponds to the green dot on the detuning sweep curve in Fig. 2(c) and
shows an initial chaotic state. As the detuning increases, the solution is swept out of resonance
for the initial comb, leading to a state of spatiotemporal chaos, as shown in the second inset
plotted in red in Fig. 2(c), corresponding to the red dot on the detuning sweep curve. Towards
the end of the sweep as detuning increases, a steady glass state is obtained. The blue dot on the
sweep curve in Fig. 2(c) corresponds to the final soliton glass waveform, as shown in Fig. 2(a).


https://doi.org/10.6084/m9.figshare.32210157
https://doi.org/10.6084/m9.figshare.32210157

Research Article Vol. 34, No. 11/1 Jun 2026/ Optics Express 20707 |

Optics EXPRESS N

In this case, the steady-state soliton glass solution has 53 pulses. We typically observe 30 to 60
pulses in a soliton glass state. The pump wavelength is offset from the center of the passband
of the Fabry-Perot resonator at 1538 nm with the center of the passband at 1545 nm, which we
found most easily generates a soliton glass. In Fig. 2(d), we show the power spectrum as a solid
blue curve and the passband of the chirped gratings as a dotted red curve. The soliton glass
spectrum is above —60 dBc for the majority of the passband and has an asymmetric profile due to
the finite passband and the asymmetric dispersion relation. The behavior we observe, in which
the initial state is ordered, evolves as a function of detuning into a chaotic state, and finally ends
in a state with multiple solitons, resembles the evolution that was observed in the creation of
soliton crystals [19,20].
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Fig. 2. (a) The computed waveform intensity |L//|2 as a function of position, normalized
to 27, within the Fabry-Perot resonator at the end of the detuning sweep. (b) Measured
dispersion relation for the Fabry-Perot resonator. (c) Illustration of the detuning sweep; the
insets show two states of the evolution corresponding to the first two dots. The final blue
dot corresponds to the solution in (a). (d) Computed power spectrum and the passband as a
function of wavelength.

To determine the temporal stability of the glass solutions, we ran long simulations and carried
out a linear stability analysis. For the solution in Fig. 2(a), we ran a simulation of 7 x 10* photon
lifetimes, corresponding to about 1 ms, and we saw no change in the glass configuration at the
same detuning parameter. The observed stability is consistent with a linear stability analysis
that we present in Sec. S.3 of the Supplement 1. We linearly perturb Eq. (1) and determine the
eigenvalues and eigenvectors of the linear equation [9]. Aside from a zero eigenvalue that is
due to translational invariance, all other eigenvalues have negative real parts close to the photon
lifetime, indicating that noise will be rapidly damped.

Next, we study the spatial autocorrelation for the soliton glass. In Fig. 3(a), we show a
soliton glass in the spatial domain. The red circles superimposed on the glass solution mark the
individual peaks. The individual soliton pulses in the glass state have different peak powers,
and nearby pulses have different spacings. In this respect, soliton glasses differ markedly from
soliton crystals and soliton molecules. We determine the peaks of individual pulses and their
corresponding spatial locations, marked as red circles. We then calculate the spacing as the
distance between nearby red circles. The histogram in Fig. 3(b) shows the counts of the distance
between nearby red circles. We show a histogram of the individual pulse spacings of the soliton
glass solution in Fig. 3(b), which is calculated using the positions of the marked peaks in Fig. 3(a).
The most common pulse spacing occurs before 7/50. Figure 3(c) shows the autocorrelation
function of the soliton glass, which is calculated while circularly shifting the soliton glass solution
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rather than linearly shifting to account for being in a resonator. The inset in Fig. 3(c) shows an
expanded view near zero. The red circle marks the first non-zero peak in the correlation function
near 0.013x. The spatial autocorrelation for the soliton glass in Fig. 3(a) resembles the spatial
autocorrelation function for condensed-matter glasses [19,20], in that the correlation is high
locally but quickly drops off as the shift increases. We only show the correlation function from
0-r since the circular shift will yield a mirror image past 7 and contains no new information. The
red circle in Fig. 3(c) marks the first peak in the autocorrelation function, which coincides with
the pulse spacing with the largest count in the histogram. For comparison, the autocorrelation
function of soliton molecules exhibits oscillatory behavior with a decaying envelope, while the
autocorrelation function of soliton crystals exhibits a purely oscillatory behavior without decay.
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Fig. 3. (a) Soliton glass in the spatial domain. The pulse peaks are marked with red circles.
(b) Histogram of the separation between adjacent pulses for the soliton glass in (a). (c)
Spatial autocorrelation function and (d) spectral power density for the soliton glass in (a).
We show an expanded view of the correlation near zero in the inset of (c). The first peak
in the autocorrelation occurs at 0.0137, which matches the highest pulse count in (b). The
large peaks in (d) marked with red circles occur at k = +159, which is the inverse of the
average pulse separation in the soliton glass, 27t/159 ~ 0.013.

Next, we show the spectral power density in Fig. 3(d). Large peaks in the spectral domain
occur at k =+ 159, where k is the spectral domain coordinate. These peaks occur at the inverse
of the average pulse separation within the soliton glass 27/159 ~ 0.013x.

4. Repeatability of the soliton glass solution

Next, we study the repeatability of the soliton glass solution as the normalized amplitude (F)) and
detuning (o) are swept. We show the repeatability contour of the soliton glass solution family in
Fig. 4(a). In this a—F space, there are 3 distinct solutions that are supported: chaotic, continuous
wave (CW), and soliton glass, which are shown in Fig. 4(a) as red, blue, and white, respectively.
The CW state is characterized by constant output. The chaotic state is characterized by a solution
with moving pulses and varying amplitude, which are continually changing in time. The glass
state is characterized by stable, densely packed, and aperiodically-spaced soliton pulses. We ran
20 different iterations at each combination of a—F so that we could calculate the probability of
obtaining a glass solution. The regions that have a solid color correspond to cases where all
20 iterations yielded a particular solution. The upper and lower glass boundaries are plotted
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in a gradient as the space begins to support two different solutions. The chaos-glass boundary
is more distinctly defined than is the CW-glass boundary. In the example shown in Fig. 2(c),
the final detuning and the normalized input amplitude F are 16 and 4, respectively. These
parameters correspond to a glass solution, as shown in Fig. 4(a). We show a few different glass
solutions in Fig. 4(b) in the parameter region where glasses can form. While the solutions are
not quantitatively the same, they all have similar shapes, minimum spacings, and autocorrelation
functions.
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Fig. 4. (a) The a-F contour that yields soliton glasses. Solid red, white, and blue indicate
the regions where all the solutions obtained after sweeping are chaotic, soliton glasses, or
continuous waves (CW), respectively. Where the colors are mixed, a combination of soliton
glasses with either chaotic or CW solutions is obtained. Each point in the contour is averaged
over 20 iterations. (b) Examples of soliton glass solutions from the contour in (a).

Next, we study the influence of noise on the soliton glass by adding white noise and using the
same input parameters as in Fig. 2 for 2000 photon lifetimes. We increase the noise magnitude
until the soliton glass solution is destroyed. Figures 5(a) and 5(c) show the final soliton glass after
evolution when just quantum noise is added [9]. Figures 5(b) and 5(d) shows the final soliton
glass after evolution when white noise is added. As we increased the white noise amplitude, we
found that the soliton glass solution was impervious until the noise magnitude reached 6% of the
magnitude of the individual pulses in the glass; larger amounts of white noise resulted in the
collapse of the soliton glass to CW or a temporally chaotic state.

5. Conclusions

We described a novel soliton glass solution that consists of densely packed soliton pulses in
a Fabry-Perot resonator with slightly anomalous dispersion. We use a measured Fabry-Perot
resonator dispersion. Soliton glasses yield a rich, broad spectrum with lines that are separated by
a single FSR and nearly all of which have a power greater than —60 dBc across the resonator’s
stopband. We demonstrated the stability of the glass solutions using both long simulations and a
dynamical systems approach, and we found that perturbations should decay on a time scale of a
few photon lifetimes, which is several hundred nanoseconds for the examples that we considered.
We then studied the stability of the solitons in the presence of quantum and white noise. The
soliton glass solution withstood a white noise magnitude of 6% relative to the pulse magnitude in
the glass before collapsing.

The glass solution is particularly well suited for RF applications because it enables clean and
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Fig. 5. Soliton glass with a quantum noise level of 1.5 x 10~ in (a) a linear and (b) a log
scale. Soliton glass with a white noise level of 6% relative to the glass magnitude in (c) a
linear and (d) a log scale. The black boxes indicate the regions displayed in the zoomed-in
plots.

stable microwave generation while avoiding many of the practical limitations of fully ordered
soliton states. Upon photodetection of the optical frequency comb, the beating between comb
lines can lead to a well-defined RF tone. Hence, the use of soliton glasses is appealing for RF
generation and may provide a practical route to obtain stable, broadband, and low-noise RF
generation without the need for additional frequency division or complex signal processing.

This paper reports the observation of a soliton glass and demonstrates its stability using both
time evolution and dynamical simulations. However, there remains much to be done to fully
characterize these novel solutions both theoretically and experimentally. We expect that this
initial observation will initiate broader investigations into the roles of dispersion and nonlinearity
and facilitate the exploration of potential applications of soliton glass states.
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S.1 Frequency-dependent loss based on the transfer matrix method
The loss as a function of the mode number, k(m), that appears in Eq. (1) is
defined as

R(m) = (LR 4 )R 4, ), (S1)

where m is the frequency mode number, R is the loss calculated by the transfer
matrix method which is interpolated to the mode number reference to the pump
mode number mg, N is the number of time steps per round trip, and lqy 1s the
linear loss.

S.2 Stability of soliton molecules in conventional micro-ring resonators

In this section we study microring resonators. We use similar parameters to
those we used for Fabry-Perot resonators, but with purely parabolic dispersion.
While there are soliton molecules that are supported, we did not find any
support for soliton glasses as described in the main text. We show in Fig. S1
the simulation results for a conventional microring resonator using the
conventional LLE with &« = 9, F = 3.4, and f=—2 x 1073. The pump
wavelength is 1540 nm. The normalized dispersion term selected is similar in
magnitude to the fitted parabolic dispersion term from the Fabry-Perot
dispersion curve. The dispersion for the micro-ring resonators is dominated by
the ring waveguide, which does not include a tunable portion like the Fabry-
Perot cavity that we described, so the dispersion is usually larger than —2 X
103, We use a smaller dispersion here to show that solutions with multiple
aperiodic solitons are possible if we can obtain a small dispersion. However,
we have not been able to obtain stable, densely packed solutions that we
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consider to be a soliton glass. We determined the stability using time-dependent
simulations over milliseconds, and we calculated the dynamical spectrum
(eigenvalue spectrum of the linearized equation). We show the result of a
typical simulation in Fig. S1, which is generated without the use of a passband.
The solution more closely resembles several separate soliton molecules than it
does a soliton glass.
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Fig. S1. (a) Intensity ||? as a function of azimuthal angle
within a conventional micro-ring resonator. (b) Power
spectrum as a function of wavelength.
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Fig. S2. (a) Soliton molecule with 32 peaks. (b) Spectrum for
the soliton molecule and passband as a function of
wavelength.

Next, we study the linear stability of imperfect soliton solutions in conventional
micro-rings with the addition of a passband that induces a large loss for mode
numbers that lie outside the passband. The approach we use is similar to that of
Ref. [1]. We fix the normalized power and detuning but reduce the magnitude
of the dispersion such that parameter f = —1 X 1073. Figure S2(a) shows the
stable soliton molecule with the corresponding spectrum shown in Fig. S2(b).
The passband that we use has a full-width half maximum (FWHM) of 40 nm.

The soliton molecule is characterized by 32 aperiodically spaced peaks that are
stable in time, followed by a large gap. The relatively narrow 40-nm passband
filters out large mode numbers and aids in stabilizing the system. Using
equations derived in Sec. S.3 of the supplementary materials, the dynamical
spectrum is calculated and shown in Fig. S3.
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Fig. S3. (a) Dynamical spectrum for the soliton molecule in
the microring resonator. The red box marks the region where
we show (b) an expanded view of the spectrum near 1 = 0.
The inset shows the closest eigenvalue to zero located near
—1x1073.

Figure S3(a) shows the dynamical spectrum for the soliton molecule in Fig.
S2(a). There is an eigenvalue located at zero that represents time invariance of
the system. Figure S3(b) shows a zoomed in view near 0, which corresponds to
the red box in Fig. S3(a), to show the density of eigenvalues next to zero. As
the passband broadens to allow more higher mode numbers, the number of
eigenvalues that are near zero increases, and they are placed closer to zero. The
closest eigenvalue to zero is located near —1 X 103 which corresponds to the
perturbation most susceptible to noise will decay on the order of 1000 photon
lifetimes. Based on a photon lifetime of 14 ns, the closest eigenvalue to zero at
—1 x 103 indicates a decay time of 1.4 us. Increasing the passband width
pushes eigenvalues to the right of the positive real axis and eventually results
in instability. When the passband bandwidth increases, several eigenvalues
move to the right, and when the bandwidth is greater than 40 nm, a first
eigenvalue crosses the imaginary axis, indicating that the solution has become
unstable.



S.3. Linear stability of glasses in the Fabry-Perot resonator
A: Theoretical development

The time evolution analysis provides evidence for stability over the time limit
that we ran our simulation, when the results do not diverge. Additionally, we
compute the dynamical spectrum of the linearized equation (eigenvalue
spectrum) [1] to demonstrate the long-term linear stability of the solution. In
this section we derive the Jacobian and minimization equations used in the
stability analysis for the Fabry-Perot resonator. First, we start with a modified
LLE that includes an added term to account for cross-phase modulation [2] with
the (|y|?) term representing a spatial average,

aw;f't) =—i ZmD(m)liJ(m,t) exp(im8) + i|(6,6)|?P(6,t) — iap(6,t)
— X, k() P(m,t) exp(im8) +F + 2i[(6,6) |21 (6,6) —Tae>,
(82)

where D and k represent dispersion and the mode number-dependent loss. If D
and k are asymmetric, the Fourier transforms will have real and imaginary
components that must be considered. Also, if any asymmetry is present there
will be a natural drift in the system due to the change in the group velocity that

should be removed and which is accounted for by the added —T% term. Next,

we compose 1 as the sum of its real and imaginary parts using ¥ = 1, +it); in
the Fourier domain. We then separate Eq. (S2) into its real and imaginary parts,
yielding two real equations

Fi= aa—lz}tr = D,; + Dy — hi(P2 + 97) +ath; — K,y + Ky HF— 24
(@7 +9f) =Dy, (S3)

a Y] i v i i ~ ~ v 5 v y
Fy =50 == Do + Dhi + (P2 + D7) —ath, — Kb — Kb, + 29,
W7 +97) —tD1h, (84)
where D, and D; are the real and imaginary part of the dispersion including loss
due to passband. D is the first derivative operator. This gives us the column
vector used to minimize as, F(,, ;1) = [F1  F2]T, where the T denotes

transpose. Next, we calculate the derivatives for the contributions due to cross-
phase modulation:
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where §;; is the Dirac delta and is 1 when /=k, and 0 otherwise. The
accompanying Jacobian that corresponds to F is calculated by taking the
appropriate derivatives of F; , with respect to each independent variable in F:

where

eal Ry XPM1

Ji1 =55 =Di =29 — 16, —tD1 + Ji) ", (S10)
oF

J12 =55, = Dy — 02 =307 +a + rc; + JM?, (S11)
972 D2 + 2 XPM3

Jaun=55 = —Dr+3Y7 +Pi —a—ui+Ji) (S12)
972 Dl XPM4

J22 =5, = Di +2¢ )i — rer =Dy + Jj (S13)

Using the eigenvalue equation (J — I1)F =0, we determine the dynamical
spectrum. If any eigenvalues have a positive real part, the system is unstable.

B: Results

We now study the stability of the soliton glass solution in Fig. 2. We use the
dynamical method described in the previous section, where we linearize the
LLE with the time derivative set to zero. Next, the real and imaginary parts of
the LLE are separated. Then an eigenvalue equation that represents the
linearized LLE 1is solved for the eigenvalues and eigenvectors. These
eigenvalues quantify the exponential growth or decay that the soliton glass will
undergo due to noise or perturbations.



Using the dynamical approach that we describe in Sec. S.3A of the
supplementary materials, we calculate the dynamical spectrum for the soliton
glass shown in Fig. 2(a). The real part of the eigenvalues of the dynamical
spectrum determines the stability of the solution. If all the real parts of the
eigenvalues are negative, which implies that all perturbations are suppressed,
then the solution is stable. In Fig. S4(a), we plot the dynamical spectrum of the
soliton glass in Fig. 2(a). Figure S4(b) features an expanded view of Fig. S4(a)
in the neighborhood of zero. There is a singular pole located at zero, which is
due to the azimuthal translation symmetry of Eq. (1). Any solution of Eq. (1)
remains a solution when translated by a constant amount in §. The eigenvector
for the 0 eigenvalue corresponds to the azimuthal derivative of the soliton glass
waveform in Fig. 2(a). The eigenvectors for the other eigenvalues correspond
to perturbations that jitter the pulse locations or their phases. The closest non-
zero poles form a complex conjugate pair with Re(1) = —4.3 x 10~1. Any
perturbations to the system decays on the scale of two photon lifetimes, which
is 32 nanoseconds for the parameters that we chose. Using the same normalized
detuning and power of 16 and 4, respectively, we ran 50 different realizations
of soliton glasses with different random seeds, the eigenvalues closest to zero
are in the range of — 102 to — 101,
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Fig. S4. (a) Dynamical spectrum for the soliton glass that we
show in Fig. 3. The red box marks the boundary for (b) the
expanded view of the dynamical spectrum close to zero.



The solution of the resonator may consist of a combination of several solutions.
Hence, it’s important to see the impact of the perturbation to the solution. Next,
we study how the soliton glasses react when perturbed by the eigenvector with
the closest non-zero eigenvalue to the positive real axis. The blue curve and red
curve in Figs. S5(a)—(d) represent the absolute value squared for the soliton
glass, and the perturbed soliton glass, respectively. The solid black curves in
the upper plots of inserts in Fig. S5(b)—(d) show the difference between the
soliton glass and the glass perturbed by the eigenvector. The inset Fig. S5(b)
zooms into the gap on the left side of the soliton glass. Adding the perturbation
shows that both pulses in the window are moving towards each other to fill in
the gap. Figure S5(c) zooms towards the center of the resonator. The
perturbation has little effect on the central pulses slightly moving all pulses to
the left, even with the right-side pulse in Fig. S5(c) lying on a gap. The inset
Fig. S5(d) shows the zoomed in view at a gap towards the right of the resonator.
The left pulse moves towards the gap when perturbed whereas the right pulse
stays in place. Rather than uniformly closing all gaps such that the pulses are
equally spaced, the eigenvector perturbation appears to nudge the soliton glass
towards a soliton crystal with crystalline defects.
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Fig. S5. (a) Soliton glass perturbation comparison as a function
of space, (b) zoomed-in plot of the left-side gap, (¢) zoomed-in
plot near zero, and (d) zoomed-in plot of the right-side gap.
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