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We derive the equations governing the motion of Kerr solitons in pair waveforms. Recent experiments in
microresonators have studied a variety of interaction effects in multisoliton waveforms, including collisions
and formation of soliton molecules and crystals. Here we analyze the effective interaction that arises from the
coupling of the soliton-tail overlap nonlinearity with global soliton variables associated with the breaking of
translation symmetry. The interaction is either purely repulsive, or alternates between attraction and repulsion,
according to whether the decay of the soliton tails is monotone or oscillatory. In the latter case, stable fixed points
of the effective dynamical system signify stable soliton molecule configuration, but the exponential weakening of
the interaction with increasing intersoliton separation may prevent the molecule from forming in experimentally
accessible time scales. Our theory becomes asymptotically exact in the large-separation limit, and we verify the
theoretical calculations using soliton trajectories extracted from direct numerical solutions of the wave equation.
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I. INTRODUCTION

Solitons are a wave analog of composite particles since
they are emergent structures that, when weakly forced,
respond through the evolution of global degrees of free-
dom associated with broken symmetries, while maintaining
their shape. Optical solitons in pumped Kerr cavities have
been intensively studied since it was demonstrated that they
can be used to generate optical frequency combs by Herr
et al. [1]. While single-soliton waveforms are the simplest
comb sources, there has been great interest in multisoliton
waveforms, with experiments demonstrating complex soliton
dynamics [2,3], formation of soliton molecules [4,5], and
soliton crystals [6—12].

Even though cavity solitons are observed to propagate as
discrete, particle-like objects, their dynamics has so far been
almost exclusively studied on the basis of wave equations that
do not directly describe the motion of the soliton degrees of
freedom. Here, we derive the effective equations of motion
for two interacting Kerr solitons. The nonlinearities of the
wave equation generate overlap terms that couple to the global
soliton degrees of freedom through the zero modes in the
spectrum of the soliton stability operator that are associated
with the broken translation symmetry.

This approach was originally applied to solitons in per-
turbed integrable systems [13,14], and then generalized to
kinks and pulses in reaction-diffusion and other pattern-
forming systems [15-23]. It is also applicable to the
interaction of solitons with an external force [24,25]. An al-
ternative approach, based on a variational principle [26,27],
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has also been used to study soliton interactions, but since it
involves an uncontrolled approximation, the accuracy of the
equations of motion derived using the variational method is
limited.

In this work we study the evolution of two-soliton wave-
forms of the basic Lugiato-Lefever model of Kerr resonators
[28]. Since the global phase of the cavity solitons is locked to
the pump, translation is the only continuous symmetry, and the
associated degrees of freedom are the soliton positions. Since
the model also has a reflection symmetry, the phase space
reduces to the single degree of freedom of soliton separation,
and the effective dynamics becomes simple.

In spite of this simplicity and the interest in applications to
Kerr resonator experiments, there have been only few stud-
ies of Kerr soliton interactions. The early results of Refs.
[29-31] derived equations of motion for soliton parameters
using inverse-scattering theory for weakly nonintegrable wave
equations [14], whose results are valid only for weak pumping
and small losses. The investigations of Refs. [32,33] focused
on solitons with moderate detuning that have limited experi-
mental relevance, and used the variational method. The recent
study [34] focused on the effects of high-order dispersion.

Here we derive effective equations of motion for the soli-
ton positions that are asymptotically exact for well-separated
solitons. When translation is the only continuous symmetry,
there are only two possible types of asymptotic interaction
between soliton pairs, depending on whether the decay of
the soliton tail is monotone or oscillatory. Both interaction
types occur with red-detuned cavity solitons for appropriate
choices of system parameters, although oscillatory tails are
much more common [35]; we find that when the soliton
tails are monotone, the soliton interaction is purely repul-
sive and decreases exponentially, while the relative drift
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velocity oscillates sinusoidally within an exponentially de-
creasing envelope when the soliton tails are oscillatory. In
the latter case, the interaction alternates between intervals
of repulsion and attraction of equal length, separated by in-
terlaced lattices of stable and unstable fixed points. Even
though each stable fixed point corresponds to a stable two-
soliton molecule, the strength of interaction between highly
red-detuned solitons decreases rapidly as their separation in-
creases, which implies that only tightly bound molecules can
form within experimentally realizable time intervals.

We present the main elements of our theory in Sec. II,
where we introduce the model and review the properties of
the cavity solitons and their dynamical spectrum. We identify
the overlap parameter as the small parameter that governs the
asymptotic approximation, and calculate the overlap terms;
we then project the overlap terms on the adjoint zero mode
of translation to derive the effective equations of motion. In
Sec. III, we use the soliton-tail asymptotics to simplify the
projection integrals and derive explicit equations of motion
for the soliton separation, whose parameters are determined
only by the single-soliton waveform. The drift velocities de-
rived from the overlap-projection theory are then compared
with those extracted from direct numerical simulations of the
wave equation, showing the expected agreement in the large-
separation regime. Finally, Sec. IV presents the conclusions
and implications of this work.

II. THE SOLITON DRIFT VELOCITY

A. Cavity solitons and their linear stability

We model the evolution of the cavity electromagnetic field
with the basic Lugiato-Lefever model, using the normalization
of [25]

I
5 =Nl
N[w]z—<s+%)w+éa—$+iw|2w—’5, (1)

where § is the normalized loss coefficient, and h = h, +
i(4/m)é is the amplitude of the continuous-wave pump (6 and
h, are real and positive). For sufficiently small § and 4, Eq. (1)
has a stable soliton solution ¥(x), N[¥,] = 0, that is unique
up to translations [36]. Parity symmetry implies that ¥ is an
even function ¥;(—x) = ¥,(x). The cavity solitons ride on a
pedestal

lim ws = WCv (2)

x—+o0

where V. is a stable continuous-wave solution of Eq. (1).

Since for |x| 3> 1 the subtracted soliton ¥, (x) = ¥, (x) —
V. is small, ¥,(x) is governed by a system of linear equa-
tions with constant coefficients for such x, from which it
follows [35,36]

Uy (x) ~ae” M 3)
or

i) ~ ape M +a e, )

depending on whether

o =1 — 42 — 219" — 52 5)

is real or complex, respectively. In either case, the outer
square-root sign is chosen so that Reoc > 0, and when o
is complex, the inner square-root sign is chosen such that
Imo > 0. When o is real the tails of || decay monotoni-
cally, while they decay with oscillations when o is complex.
An analysis of the stable-soliton parameter space shows [35]
that there are highly red-detuned solitons with both types of
tails, although the oscillatory tails are more common and are
the ones mostly seen in experiments.

The linear stability of the cavity soliton solutions is con-
venient to study in a doubled phase space of vector-valued
functions ¥ = (¥, ¥*) that obey

E = N[V,
ot

I 19%w I
U= 8+ = | W+ ——— + TW2U* — —(h, h*); (6
NY] <+2) +28x2+ 2(,)()

here, multiplication of vectors is defined componentwise,
I=(¢ %)yandw*=( )W = (¢¥* ¢). The complexified
phase space includes vectors that are not in the subspace
where * is the complex conjugate of i, but if W is in this
subspace initially, then so are W, for later 7.

The linear operator that generates the evolution of small
perturbations around a single-soliton waveform is

D ) A B
- =LD+0(P?), L= (B* A*>, (N

with

i 9?
A= -8+ 5(— 1+ @) +2ily,°, B=iy]. (8)
The translation symmetry of Eq. (6) implies that Wy(x — &)
is a stable stationary solution of the equation for any shift &.
It then follows that Wy = —dW,/dx is a zero mode of L, so
that LW; = 0. The assumption that the soliton is dynamically
stable implies that the zero eigenvalue is simple, and that the
rest of the spectrum of £ is in the left half of the complex
plane.

B. The evolution of two-soliton waveforms

Since Eq. (6) is nonlinear, superpositions of cavity solitons
are not steady-state solutions, in general. Nevertheless, since
the solitons are localized, superpositions of well-separated
solitons approach a quasisteady state with slightly deformed
soliton waveforms, whose evolution time scale is much longer
than the typical dynamical time scales. Recalling that the
cavity solitons lie on an extended pedestal, we examine the
dynamics of a waveform

W(x, 1) = Wy (x = £1(1) + Ws(x — &) + We + D(x, 1),
©)
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with a soliton separation |&, — &;| that is significantly larger
than the width of a soliton; here, ¥; = (4, ¥) and W, are,
respectively, the subtracted soliton and pedestal waveforms as
above, and ® expresses the deformation of the solitons in-
duced by the interaction. The soliton-tail overlap is then O(¢),
e = e o275 and consequently the time scale of change of
&1, &, and @ in the quasisteady state is ~g~!: furthermore, ®
is small, |®| ~ ¢, and localized near the two pulses.

The decomposition (9) of the two-soliton waveform is
nonunique, because it is possible to shift slightly the soliton
centers &1, while absorbing the difference in the residual
®. We remove this arbitrariness by imposing the auxiliary
conditions

<\I]§1’ CD) = (q‘jé% q>> = 0’ (10)

where the inner product is defined by

1 oo
(Y1, 92), (D1, $2)) = 5/ dx(Yidr + ¥32),  (11)

and Wgy g2 (x) = We(x — & ») are shifts of the normalized zero
mode of the adjoint of the single-soliton stability operator

LT =0, (U, W) =1; (12)

since zero is a real eigenvalue, the components of (1&5, %g) of

W, can be chosen to be complex conjugates.

The equations of motion for the soliton centers now follow
by substituting the ansatz (10) in the wave equation (6) and
projecting the result on Ws; and Ws,. Since the soliton veloc-
ities are of O(¢), terms of higher order in ¢ will be neglected.
We start with the inner product of Wg; with the left-hand side
of Eq. (6), which yields

- - D

ilitl + (e, Wsz)% <‘1’s1, 88_t> (13)
Since the solitons are well separated and, like the solitons,
the translational zero modes are exponentially localized near
the soliton centers, (Wg1, Wsr) = O(¢); since d&, /dt is also of
O(¢), the middle term in Eq. (13) is negligible. Since the resid-
ual @ is both small and slowly changing, d®/3t = O(g?), so
that the last term in Eq. (13) is negligible as well, implying
that

%=<‘1’51,/\/[‘1’s1+‘1’s2+‘1’c+¢]% (14)
using the shorthand Wy » (‘1151,2) for the (subtracted) soliton
centered at & », respectively. In the theory of pulse interac-
tions, Eq. (14) is often viewed as an integrability condition
[19].

Expanding the nonlinear term of N in Eq. (14) yields a
large number of terms, most of which either cancel or are of
O(e?). These terms can be categorized into a few classes as
follows:

(i) O(1) terms W2 W, W2 W% and W2W*, that cancel
in combination with other O(1) terms from N [¥] because
N[¥,] = N[¥.]=0.

(i) Terms that are linear in ® and involve no factors of ¥y,
combine with other terms of A'[W] that are linear in ® to form
L,® where L, is the linearization of N at W,;. These terms
are of order ¢ but cancel in Eq. (14) because (Wg;, £,P) =

(L1Wg, d) = 0.

(iii) Terms that are linear in ® and involve factors of Wy,
are also of O(¢), but are suppressed by an O(¢) factor by the
inner product with Wg; and are therefore negligible.

(iv) Terms that are quadratic or cubic in ® are of O(&?)
and therefore also negligible.

Hence, the only non-negligible terms that remain in the
expansion of A in the right-hand side of Eq. (14) are cross
terms that involve at least one factor each of W,; and ¥y, and
are independent of ®. Of these, only the ones which are linear
in Wy, are of leading order in ¢ after taking the inner product
with W ;. Collecting these terms yields the equation of motion

d& - s
d—; =Ty, —1(2(0 ¥, + Uy U + B 070,

+ (U2 + 20, 0.)03))
= Im/ dx 1/;3;‘1 (2(|1/}sl 1? + 2Re(V Y1)V
+ (V3 + 20 ) h). (15)

The equation of motion for the second soliton is obtained by
exchanging indices 1 <> 2 everywhere in Eq. (15).

III. TAIL ASYMPTOTICS AND THE SOLITON-PAIR
DYNAMICS

The equation of motion (15) and its analog with the roles
of 1 and 2 exchanged are the solution to the pulse-interaction
problem in the sense that they allow one to calculate the
soliton velocities using only single-soliton data. However, the
result is not explicit because the velocities are obtained as an
integral that has to be calculated numerically for each value of
the soliton separation.

Fortunately, for the case of well-separated solitons that we
are considering here, we can simplify the integral in Eq. (15)
by observing that it is dominated by x values near &;, and that
for such x, vy, is well approximated by its known tail asymp-
totics. Before proceeding to make use of this simplification,
we note that reflection and translation symmetries imply that
d& /dt = —d&,/dt, and that the velocities depend only on
the separation between the solitons, so that without loss of
generality we assume & = £ = —&; and write the equation of
motion for &

d%‘ _I OOd T * 2 T 2
G [ g auio)

+ 2Re(V s O (x + 28) + (5 (x)?
+ 20 (VY )P (x + 26)%). (16)

The preceding argument now shows that we may approximate
Vs(x + 2£) by its tail asymptotics in this integral. We next
consider separately the qualitatively different cases of solitons
with monotone and oscillatory tails.

A. Monotone tails

When the system parameters are such that the soliton tail
asymptotics are given by Eq. (3) with a real o, Eq. (16)

014207-3



AMIR LESHEM et al.

PHYSICAL REVIEW E 113, 014207 (2026)

becomes

a _ be™ ¢, (17)
dt

with
b= Im/ dx e (x)* (2a(| s (0)]* + 2Re(V ¥y (x)))
+ a* (Yo (x)* + 29, ()Pe))e . (18)

The soliton drift velocity in the equation of motion (18) does
not change sign, which implies that there are no stationary
states in the asymptotic regime. Moreover, in all the cases that
we studied, we found that b is positive, so that the soliton
interaction is purely repulsive. The solution of Eq. (18) can
be expressed as

log(20 b
s = 20T,

the exponential fall off of the drift speed with increasing
separation implies a logarithmically slow growth of the soliton
separation.

The effective drift velocity of a monotone-tail soliton pair
(17) is compared with that extracted from direct simulations in
Fig. 1. We note that the terms appearing between the external
parentheses in the integral in Eq. (18) are all even functions
of x, while V¢ is odd, so that the integration produces a strong
cancellation that degrades the accuracy of the approximations
leading to Eq. (17); as a consequence, the effective-interaction
theory becomes valid only for separations significantly larger
than the soliton width.

19)

B. Oscillatory tails

When the soliton tail asymptotics are given by Eq. (4) with
acomplex o = o, + io;, the equation of motion (16) becomes

% — 2 by e 2 4 b_o?E), (20)
with
by = [ Z dx e (x)*2as (1,(x)* + 2Re(¥; ¥, (x)))
+ a* (P (x)” + 2905 (0)Pe))e ™, 2n

and

b = / dx Y (0)* (2a_(|1,(0)|* + 2Re(W s (x)))

+ @l (s () + 290 ))e 7. (22)
The real form of Eq. (20) is
% = Be 2% sin(20,:& — B), (23)

using the polar representation b_ — b, = Be #,

Hence, the effective interaction between oscillatory-tail
solitons can be either attractive or repulsive, depending on
the separation, and the domains of attraction and repulsion
are interlaced and separated by fixed points. In the asymptotic
regime, the fixed points are evenly spaced, and fixed points at
& = (B + nm)/(20;) with n even or odd are unstable or stable,
respectively.

15
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FIG. 1. Kerr soliton drift velocity d¢ /dt in a waveform with two
solitons centered at £ and —&. The normalized cavity parameters
are § = 0.185, h, = 0.209, such that the solitons have exponentially
decaying tails, giving rise to a purely repulsive interaction. The thin
light-colored curves show the theoretically predicted velocity, and
the thick dark-colored curves show velocities calculated from soliton
trajectories that we obtained from numerical solutions of the wave
equation (1), displayed on linear and logarithmic scales in the top
and bottom panels, respectively. As expected, the curves converge in
the large-separation limit.

Figure 2 shows two examples of the soliton-drift velocity in
a pair waveform with oscillatory tails, comparing the asymp-
totic theory of Eq. (23), with calculations based on numerical
solutions of the wave equation (1). In one of the examples, the
solitons converge toward a stable stationary-molecule steady
state, and in the second example the leading fixed point of the
effective dynamics is unstable.

We note that in the red-detuned regime, o, is comparable or
larger than o3, so that even though the effective interaction has
an infinite number of stable stationary pair-molecule steady
states, the exponential fall off of the interaction implies that
the time needed to form high-order states is orders of magni-
tude longer than the duration of typical experiments, and since
high-order states are very weakly bound, they are fragile to the
effects external perturbations and noise.

IV. CONCLUSIONS

Recent experiments in pumped Kerr resonators revealed
rich dynamics and interactions between bright optical
solitons in multisoliton waveforms, while the theoretical
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FIG. 2. Kerr soliton drift velocity d&€ /dt in waveforms with two
oscillatory-tails solitons centered at £ and —&, for normalized cavity
parameters § = 0.25, h, = 0.07 (top) and § = 0.1, h, = 0.08 (bot-
tom). The significance of the thick dark curves and the thin light
curves is the same as in Fig. 1. The drift velocity oscillates as a func-
tion of the separation inside an exponentially decreasing envelope,
with zero-velocity fixed points separating intervals of attraction and
repulsion. The fixed point in the top panel is attracting, representing
a stable pair-molecule steady state, while the one in the bottom panel
is repelling, separating initial soliton displacements that lead to an
eventual collision, from ones where they drift apart. Note that in
order to increase the dynamic range, the drift-velocity curves are
multiplied by exponentially growing compensation factors in both
panels, so that velocity values should be read from the graph by
multiplying the left and top ordinates as indicated by the arrows.

investigation of this phenomenon has, to date, been lim-
ited. Here we study soliton-pair interactions using the
tail-overlap projection method, obtaining asymptotically ex-
act expressions for the drift velocity of Kerr solitons in the
large-separation limit. Since the solitons are exponentially
localized, the interaction strength falls off exponentially with
increasing separation, and, depending on whether the soliton
tails are decreasing monotonically or are oscillatory, the in-
teraction is either purely repulsive or sinusoidally modulated,
switching periodically between attraction and repulsion. We
found no instances of pure soliton attraction, although we have
not been able to rule out this possibility.

In particular, solitons with oscillatory tails can form an
infinite number of stable pair-molecule configurations. In
the large-separation regime where our theory becomes ap-
plicable, the drift velocities are very small in the natural
units of the system. Nevertheless, since in microresonator
experiments the dynamical time scale is of order nanosec-
ond, stable configurations that are reached in evolution times
of 10'% or less are experimentally realizable. However, the
pump-parameter regime most accessible to soliton molecule
formation in experiments is in the highly red-detuned regime
6 < 0.25, where the effective soliton interaction decays by
several orders between two consecutive stable configurations,
as in the examples shown in Fig. 2. Then, velocities near
all except the tightest stationary-pair configurations are so
small that solitons cannot drift toward them in experimentally
realistic time scales, and even if formed, such configurations
would dissociate under influence of noise and high-order
dispersion.

The upshot is that a pair of typical solitons separated by a
few soliton widths can either repel to form a stable molecule
or attract and collide, depending on whether the effective
interaction is as in the top panel or bottom panel, respec-
tively, of Fig. 2. However, in the common scenario where
solitons are seeded from chaos by red tuning the pump, the
intersoliton separation is much larger than the soliton width,
beyond the effective range of the overlap interaction. For
this reason experimentally observed bound states have either
exhibited several solitons, with correspondingly smaller initial
separations [6], or a heterogenous pair with unequal propaga-
tion velocities [5] that bring the solitons to within interaction
range.

Even though the effective interaction was derived here only
for two-soliton waveformes, it is arguably adapted to multisoli-
ton waveforms by observing that the rapid decay of interaction
strength implies that in waveforms with more than two soli-
tons the drift speed is dominated by the overlap of each soliton
with its nearest neighbors, so that it is given by the two-body
interactions to leading order in the overlap parameter €. This
argument explains the experimental and numerical observa-
tions of uniformly spaced multisoliton molecules and soliton
crystals.
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