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The phase-coherent frequency division of a stabilized optical reference laser to the microwave domain
is made possible by optical frequency combs (OFCs) [1, 2]. OFC-based clockworks [3-6] lock one
comb tooth to this reference laser, which probes a stable atomic transition, usually through an
active servo that increases the complexity of OFC photonic and electronic integration for fieldable
clock applications. Here, we demonstrate that the Kerr nonlinearity enables passive, electronics-free
synchronization of a microresonator-based dissipative Kerr soliton (DKS) OFC [7] to an externally-
injected reference laser. We present a theoretical model that explains this Kerr-induced synchronization
(KIS) and closely matches experiments based on a chip-integrated, silicon nitride microring resonator.
Once synchronized, the reference laser captures an OFC tooth, so that its frequency tuning provides
direct external control of the OFC repetition rate. We also show that the repetition rate stability is
linked to that of the reference laser through the expected frequency division factor. Finally, KIS of
an octave-spanning DKS exhibits enhancement of the opposite dispersive wave, consistent with the
theoretical model, and enables improved self-referencing and access to the comb carrier-envelope
offset frequency. The KIS-mediated enhancements we demonstrate can be directly implemented in

integrated optical clocks and chip-scale low noise microwave generation.

Optical frequency combs (OFCs) provide a phase-
coherent link between the optical and microwave domains
and are the foundation for metrology applications such
as optical synthesizers [8, 9] and distance ranging [10, 11].
OFCs play a critical role in time-keeping [1], enabling a
transition from microwave frequency Cs atomic clocks [12]
to optical atomic clocks [3]. These clocks rely on a sta-
ble laser locked to an environmentally-insensitive optical
transition [4-6] and use OFCs as optical-to-microwave fre-
quency dividers [2], with the clock output being the OFC
repetition rate [13, 14]. Integrated photonics now offers
on-chip optical clockworks [15, 16], primarily via OFCs
based on dissipative Kerr solitons (DKS) in microring
resonators [7], in particular harnessing octave-spanning
operation and so-called dispersive wave generation [17-20].
Whether the OFCs are on a chip or not, the clockwork
for optical frequency division entails the active locking of
a single OFC comb tooth to the reference laser. Though
there has been much progress in developing electronics
associated with OFC applications [21, 22], the power bud-
get and limited bandwidth associated with such active
stabilization represents a barrier to full integration of an
optical clock, even if the power required to optically drive
the integrated OFC can be extremely low [23].

In this work, we show that by injecting the reference
laser into a DKS microresonator — hence turning it into
another pump for the DKS system — an all-optical, passive
Kerr-induced synchronization (KIS) of the OFC to the
reference laser is achieved. Nonlinear Kerr phase locking
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of the DKS to the reference pump laser is demonstrated
by using a microresonator with the appropriate dispersion
for dispersive wave generation at the reference pump fre-
quency. Our experiments are supported by close agreement
with Lugiato-Lefever equation simulations, and we further
develop an expanded Adler equation that describes the
requirements for synchronization and its behavior. When
synchronized, the reference pump is effectively part of the
DKS, and we accordingly show that the DKS repetition
rate may be adjusted on demand by detuning the refer-
ence pump, following a frequency division ratio set by the
number of comb teeth between the two pumps. Lastly, we
apply KIS to an octave-spanning microcomb and improve
its carrier-envelope offset frequency accessibility through
the f-2f technique. In particular, not only is doubling of
the low frequency dispersive wave comb tooth made orders
of magnitude more efficient due to use of the reference
laser, the opposite (high frequency) dispersive wave is also
increased in power, due to a novel soliton self-balancing
effect.

The analogy between optical and mechanical clocks [1]
in which the OFC is likened to gears is often drawn [Fig. 1],
and helps explain the context of our work. The develop-
ment of the mechanical pendulum clock, notably Shortt’s
model [24], was a hallmark of precision in its time. It
avoided mechanical damping, a major stability issue, by
locking a follower pendulum to a vacuum-sealed reference
[Fig. 1a]. Modern OFC clockworks mirror this architec-
ture. While synchronization can be an alternative to active
locking, as shown by Huygens with coupled pendulums
[Fig. 1b], this approach has stability issues in mechanical
systems due to increased damping. Yet, optical clocks
differ notably in damping mechanisms. They can utilize
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mostly lossless optical nonlinearities for long-term syn-
chronization, seen in phenomena like counter-propagating
DKSs in microresonators [25]. An OFC design using Kerr-
induced nonlinear coupling for passive synchronization
could greatly simplify optical clock systems.
Theoretical framework — Before delving into the
experimental findings, it is necessary to recall the DKS
behavior under various driving conditions. The DKS’s
two fundamental characteristics are its group and phase
velocity. The repetition rate, wyep, arises from the group
velocity, and specifies the temporal separation between
two extracted pulses in the bus waveguide. The DKS
phase velocity is connected to the carrier-envelope offset
(CEO), which is a phase slip ¢(t) of the rapid oscilla-
tion below the envelope for each extracted pulse, and
results in the CEO frequency weeo = Op/0t [Fig. 2al. In-
troducing the reference pump laser to the cavity forms a
secondary pulse, resulting in a multi-color soliton (MDKS)
with uniform group velocity through cross-phase modu-
lation binding [26, 27]. As a result of the single group
velocity MDKS, any comb formed around the reference
pump will have the same w.p, as the DKS OFC . To
accomplish effective power transfer inside the cavity, the
reference must be on resonance when it is injected into the
microring. However, the two components of the MDKS
will in general have different phase velocities that are
determined by cavity dispersion, leading to a non-zero
CEO frequency shift between these two comb compo-
nents = Wyt — wy s = 0P/0t [Fig. 2b - top], where
® = Qror — Pdks, and wy, ¢ is the frequency at mode p; (the
comb tooth closest to the reference pump frequency). This

can be harnessed for spectral extension [28] or creation of
advanced combs [27]. These demonstrations are intrigu-
ing, but by definition, systems exhibiting = 0%/t £ 0
are not synchronized. Until now, multi-driving of a DKS
has only been observed when the primary and secondary
combs are unsynchronized [27-30] and when soliton crys-
tals are generated [31, 32]. Here, we investigate the specific
conditions to achieve phase locking and demonstrate its
appearance.

Synchronization between oscillators can be understood
using an Adler equation, for which an extended version
can be obtained for a DKS under multiple driving fields
(see Supplementary S1), such that:
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which is the equation of motion of a damped pendu-
lum under constant torque driving [33], here with u
the azimuthal order referenced to the main pump, A =
dwret + tsD1 (o) (1 + Kni, — Ko) the effective reference
pump detuning with dw.es being the detuning of the ref-
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erence pump, Ky = |Eé’; (;)I L mainfext the normalized

XPM phase shift induced by the mode pj, Prer and Eqis
are the power and energy of the reference and the DKS
respectively, D (y;) is the linear free spectral range at the
azimuthal component p;, K'n1, accounts for the cross-phase
modulation induced by the MDKS (see Supplementary
S1), k and Kext are the total and coupling losses, respec-
tively, pus is the azimuthal mode at which the reference
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is synchronized, and T = Dj(us) is
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the effective natural torque of the system. Eq. (1) is sim-
ilar to the equation for counter-propagating DKSs [25],
though our synchronization arises from an external force.
Synchronization happens when the left side of Eq. (1)
is null, requiring compensation of Dj,t(ps) by either the
nonlinear shift or reference pump detuning. Achieving this
via a CEO offset from Diy(us) compensated by XPM is
theoretically feasible, but its requirements on high power
and phase shift balance make experimental demonstration
challenging. However, minimizing Dy (ps) reduces the
required reference pump power for synchronization.

Octave-spanning microcombs rely on the generation of
dispersive waves (DWs) to extend the comb spectrum,
thanks to high-order dispersion terms becoming commen-
surate with the the group velocity dispersion. In this sce-
nario, the integrated dispersion Dint (1) = > 1<4 %uk =
Wres(1t) — (Wpmp + D1pt) presents multiple zero crossings
that provide phase matching for the DW creation, notably
in the normal dispersion regime of the resonator. Thus,
D;yt is minimized at the DW mode, allowing for synchro-
nization to occur, while also allowing the reference pump
to be in the normal dispersion regime where soft-excited
bright DKS states cannot be generated. This prevents
both multi-DKS states and modulation instability states
directly driven by the reference pump. The synchroniza-
tion effect could also be considered under the prism of
inhomogeneity trapping of the cavity soliton, where the
reference pump creates a background modulation whose
inhomogeneity captures the DKS envelope [34]. Such an
effect is shown in systems with cavity drift control [35]
and a synthetic frequency lattice [36].

Optical characterization of the synchronization
— Our system under study is a resonator with a 23 pum
outer radius that is made of H = 670 nm thick SigNy
with a ring width of RW = 830 nm embedded in SiOs. It
has an anomalous dispersion when pumped at 286 THz
(1048 nm), and this design yields an octave-spanning band-
width while reaching the rubidium two-photon transition
at =~ 386 THz[5, 20]. We characterize the dispersion of
the fundamental transverse electric mode of the cavity
using multiple continuously tunable lasers (CTLs) and
calibrate each resonance using a wavemeter. The mea-
sured Dj, (1) matches expectation from simulation, with

a DW at wpw /27 =~ 194 THz (1544 nm, upw = —92)
[Fig. 3a]. The high-frequency DW at ~ 384 THz is not
out-coupled as the pulley coupler length L. = 28 pm is
optimized for critical coupling of both the main pump and
low-frequency DW. We actively cool the resonator using
a counter-propagating cross-polarized 308 THz (974 nm)
laser, allowing for adiabatic detuning of the pump to reach
the single DKS state [27, 37, 38], which we obtain with
an on-chip pump power of about 150 mW. To study sys-
tem synchronization, we use a CTL parked at different
modes p and fine-tune its detuning to observe the impact
of dwyer [Fig. 3b]. A distinct optical behavior emerges
with varying dwye. At resonance, comb lines around ppw
are pronounced, exceeding the 4 GHz analyzer resolution
and producing a 2D comb [27], indicating an unsynchro-
nized state. Adjusting dwet decreases the power of these
comb lines, hinting at a synchronized state when their
value increase again due to the merging of the multi-color
DKS [Fig. 3b - sync case]. We proceed to record €2 — ob-
tained by measuring the comb with a fast photodiode and
processed with an electrical spectral analyzer — with the
reference pump detuning dwyer [Fig. 3c, to demonstrate
the synchronization dynamics of the system. The refer-
ence pump is centered at y = —92 and has ~ 2 mW of
on-chip power. Out of synchronization, a beat note €2 £ 0
is recorded between the reference laser and the nearest
comb tooth, as they are distinct, with €2 varying linearly
with dwyer. The trend becomes hyperbolic once the laser
is adjusted sufficiently close to the KIS window, similar to
Appleton’s first observation of synchronization in his tri-
ode oscillator [39]. Then 2 vanishes, indicating that KIS
has occurred, over a range of dw,er =~ 1.75 GHz. We also
find that the Lugiato-Lefever equation (LLE) model under
multi-driving fields introduced in ref. [40] captures this
KIS behavior accurately. In that work, though the second
pump was situated in anomalous dispersion, which greatly
limits experimental demonstration in contrast to pumping
at the DW mode, the authors theoretically showed that an
external laser different from the main pump may become
a comb tooth, allowing for control of the repetition rate.
Using the pyLLE freeware [41], we accurately reproduce
the experimentally-observed behavior of the CEO offset
Q (see Methods). Following Eq. (1), the KIS bandwidth
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Awioek X \/|Ap,s|?Pret is proportional to the uth DKS
component power that locks with the reference; hence
for a given p and reference power, the KIS window is
maximal exactly at the DW [Fig. 3d]. We reproduce this
behavior experimentally by probing several modes around
the DW at pu = —92 for different reference pump power
as low as = 300 uW on chip [Fig. 3e]. We note that we
have normalized the detuning relative to the center of
the KIS window, as under DKS operation, obtaining the
exact resonance position is experimentally challenging.
All the measurements have been performed with a refer-
ence pump detuning from red (lower frequency) to blue
(higher frequency). The same synchronization effect hap-
pens with a reversed detuning direction, where a hysteris
behavior in the Arnold tongue frequency is observed (see
Supplementary Material S3).

External control of the soliton repetition rate —
Since 09 /90t = 0 in the KIS state, any variations in the ref-
erence frequency are divided onto the repetition rate such
that 0(dwrer)/Ow = psOwrep/Ow, assuming that the main
pump is fixed (see Supplementary S1). As a result, the
azimuthal mode difference ps between the primary pump
and the reference pump defines the frequency division
factor in this dual-pinned comb. Therefore, by adjusting
the detuning of the reference pump while synchronizing
with the DKS, one could adjust its repetition rate without
interfering with the main pump parameters [Fig. 4a]. The
Adler equation predicts this frequency division, yet we
also verify it using the LLE model. We tune the reference
pump frequency for the azimuthal mode ps = —89 and
extract the repetition rate (see Methods). Upon reaching
the KIS state, the closest comb tooth aligns with the ref-
erence pump frequency, changing abruply wrep [Fig. 4b].
The DKS repetition rate then linearly varies with the

reference detuning within the synchronization range. This
slope matches the expected frequency division based on
the azimuthal mode number difference, which we validate
for several other u, values.

To experimentally demonstrate such an effect, we must
accurately measure the repetition rate of the OFC, which
is generally not directly achievable with a terahertz repe-
tition rate octave-spanning microcomb. We use an electro-
optic comb apparatus (see Methods) to effectively trans-
late two adjacent comb teeth and produce a detectable
frequency beat [Fig. 4c]. Using this method, we demon-
strate that the slope of the linear trend of the repetition
rate shift with the reference frequency matches the mode
difference between the DKS pump and the reference pump,
and is in accordance with the frequency division principle
for several azimuthal modes [Fig. 4d]. The KIS windows
are different for each azimuthal mode, as the comb tooth
power in the DKS is not constant with the probed pu.

It is worth discussing the KIS regime in the context of
recent research on self-injection locking for seamless DKS
generation [42, 43]. In such injection locking techniques,
the DKS resonator’s backscattered signal is fed back into
the (isolator-free) laser system, tuning and locking the
laser frequency according to the intracavity’s most favor-
able regime. In KIS, the reverse effect occurs. Rather than
modifying the laser frequency for locking, our reference
pump (with isolators) maintains a constant frequency and
instead forces the DKS to adjust its azimuthal component
frequencies to meet the locking prerequisites. The exper-
imental tuning of the DKS repetition rate underscores
this phenomenon.

Stability transfer for clockwork operation — We
experimentally demonstrate the viability of the Kerr-
induced synchronization approach for clockwork applica-
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tions. Although we have demonstrated frequency division
in the previous section [Fig. 4], we now study short and
long-term stability of the DKS repetition rate relative
to the reference. As the current OFC under study pre-
vents CEO stabilization via f — 2f (the short DW is not
extracted), we use a Toptica Photonics CEO-free fiber
comb with a 80 MHz repetition rate that is referenced
to a 10 MHz Rubidium standard [44, 45]. Once both the
main and reference pump are locked to this comb, their
frequency separation becomes coherently linked to the Rb
reference. Hence, when the DKS is in the KIS regime, a
frequency division factor links the DKS repetition rate to
the pump separation and, in turn, the Rb reference. How-
ever, rather than the full frequency division if the DKS
CEO is locked, a frequency division factor us between the
two pinned comb lines is achieved.

First, we demonstrate that the repetition rate is indeed
much more stable in the synchronized case [Fig. 5a]. With-
out KIS, the repetition rate is relatively unstable, with a
full-width at half-maximum (FWHM) exceeding 160 kHz
at a recording bandwidth of 1 Hz. In the KIS regime with
free-running pumps, the FWHM is around 11 kHz FWHM,
consistent with the slow (/10 s) scanning time of the
spectrum analyzer, the pump laser linewidths in this time
frame (i.e ~ 500 MHz each), and the frequency division
factor us = —92. However, once both pumps are locked to
the fiber comb using a phase frequency detector with fast
analog control [46], hence achieving coherence with the
Rb reference, the repetition rate becomes Lorentzian and
narrows to about 3 Hz. The temporal frequency counting
trace of the repetition rate measurement with a gate time
of 10 ms is presented in Fig. 5b, highlighting a 12 Hz stan-
dard deviation from the 997,387,327,768 Hz microcomb
repetition rate.

We measure the phase noise of the repetition rate and

the reference pump to further demonstrate the fidelity of
synchronization for frequency division. In this experiment,
we lock the main pump to the fiber comb.To highlight
that the phase noise of the reference is divided onto the
DKS repetition rate we leave the reference pump free
running (Fig. 5¢), while the main pump noise contribu-
tion is negligible. After accounting for frequency division
factor, the reference pump phase noise overlaps with the
measured repetition rate phase noise as expected.

To further demonstrate the potential of the passive
synchronization approach for clockwork application, we
measure the long-term stability of the system by measur-
ing the repetition rate Allan deviation [Fig. 5d]. The 1/7
trend at long averaging time suggests contributions only
from white phase noise, demonstrating coherence with
the 80 MHz fiber comb.

We show a residual stability of 1 part in 1.25 x 10'2 at 1
second, similar to the fiber comb stability at 1 second and
demonstrating the stability division, and 1 part in 10
at 50 minutes. The plateau between 1 s and 10 s is likely
caused by environmental factors, such as the long elec-
tronic path in the locking loop, which leads to impedance
mismatch and spurious reflections. This is consistent with
previous observations using active locking[16], and hence
is not inherent to the KIS regime.We note that the stabil-
ity metric may be influenced by several factors, including
our complex frequency division scheme [Fig. 5d], and can
be enhanced by simplifying the feedback mechanism and
using self-referencing in the future, removing the need for
the fiber comb.

Carrier envelope offset detection enabled by KIS

— Finally, we discuss the advantages of the Kerr-induced
synchronization regime for self-referencing the microcomb.
In an optical clockwork, it is necessary to anchor two comb
teeth, with one pinned to the optical reference. Locking the
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CEO is equivalent to locking the first comb line, providing
the largest frequency division ratio possible. The CEO
frequency is obtained from a nonlinear interferometer that
beats two harmonic comb teeth, where one is doubled:
2WN — W2N = 2(JVWrep + wceo) - 2JVWrep — Wceo = Wceo-
In integrated frequency combs, despite the presence of
DWs, the power at these frequencies of interest is usually
low. Consequently, an auxiliary laser needs to be locked
for efficient doubling and detection [9, 15], increasing the
amount of required locking electronics. However, in the
KIS regime, the reference laser that captures a comb tooth
can be directly used for CEO detection. This provides
sufficient power, with amplification capacity for generating
a large doubled power. Furthermore, the locking of the
reference laser to a Rb frequency standard often involves
a doubled narrow-linewidth telecom laser to address, for
example, the Rb two-photon transition [5], which means
that both the second harmonic generation (SHG) module
and a telecom-band reference laser are already present in
the clock architecture.

The KIS regime also offers a unique method to increase
the power of the opposite DW from where the synchro-
nization occurs. Any change in reference pump in Eq. (1)
needs to be compensated by other terms to maintain a
null left-hand side. Ky, which includes the power of every
soliton azimuthal component, is the only free parameter.
Given that the soliton spectral envelope is fixed by the dis-
persion, the only comb tooth which can vary is at the DW.
Hence, to maintain balance, the soliton boosts its emission
into the opposite DW, increasing short-wavelength DW
power. This can also be seen as the soliton maintaining
its pinned repetition rate from the pumps and the need
to maintain a constant center-of-mass, resulting in self-
balancing (see extended data ??). Thus, CEO detection
is improved in two ways in the KIS regime.

We proceeded to measure CEO experimentally using

a similar microring resonator as in the previous section,
with a ring width of RW = 850 nm and a pulley waveg-
uide width of W = 460 nm coupled at a gap G = 600 nm
over a length of L, = 17 pm. The microcomb is pumped
at 283.435152 THz + 10 MHz, and the improved waveg-
uide outcoupling relative to the previous section results
in the extraction of a full octave with two harmonic DWs
[Fig. 6a]. By injecting the reference pump at the long
wavelength DW, 90 modes away from the main pump at
193.510599 THz + 10 MHz, we observe an increase of ap-
proximately 8 dB in the short DW with only 1.5 mW of on-
chip reference power [Fig. 6b]. This increase in DW power
depends on both the reference pump power and frequency,
consistent with LLE simulations (see Supplementary S6).
The former is directly related to the self-balancing effect,
while the latter is associated with the modification of the
repetition rate, as demonstrated in Fig. 6¢c where we opti-
mize the phase-matching of the azimuthal component at
the short DW. By further increasing the reference pump
power, it is possible to tune the short DW comb line
due to a larger synchronization bandwidth and a greater
excursion in the repetition rate variation (see Supplemen-
tary S6). Thanks to the reference pump capturing a comb
tooth, one can split it before injecting a portion into the
microcomb and doubling a portion in a periodically-poled
lithium niobate waveguide, where a stage of amplification
is needed due to the poor SHG efficiency of 25 %/W.
This amplification stage could be removed in a clockwork
architecture by harnessing the high conversion efficiency
of x(?) integrated photonics resonators [47-49], or even
potentially the DC-Kerr effect in Si3Ny resonators [50].
Due to the high SHG power, an electro-optic comb (see
Methods) can be created from the doubled reference to
downconvert the expected weeo = —320 x 2w GHz to an
easily detectable frequency [Fig. 6d]. As the repetition
rate of the DKS in the KIS regime is also changed from
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the reference pump frequency tuning, the CEO frequency
will follow a distinct predictable trend. By determining
the frequency of each pump using a wavemeter, one can
estimate the repetition rate and hence the variation of
Weeo With the reference pump frequency, which aligns well
with direct measurement [Fig. 6e]. We note that assum-
ing a KIS bandwidth of 1 GHz allows for about 3 GHz
tuning of weeo, allowing for some degree of flexibility yet
not sufficient for reducing the weeo, which can lay between
0 and £500 GHz, to a detectable window. To address
this, a combination of geometrical tuning (ring radius)
and thermal tuning [51] will make we., directly detectable
without an EOcomb apparatus. Nevertheless, our demon-
stration paves the way for a complete clockwork operation
of the microcomb in the KIS regime. In this regime, the
stability of the reference laser is automatically divided
onto the repetition rate, and the main pump can be inde-
pendently and coherently locked to the reference pump
through improved CEO detection using the KIS-mediated
effects.

Discussion — In conclusion, we introduced a new
approach for microcomb-based optical frequency division
clockworks. Our method uses passive, all-optical Kerr-
induced synchronization (KIS), avoiding complex elec-
tronic systems. In analogous fashion to mechanical clock-
works, passive synchronization is enabled by direct cou-
pling to the reference. In particular, the same resonator
and optical nonlinearity enabling DKS generation is used

to achieve synchronization between the DKS and the
reference laser. We explored the system’s nonlinear dy-
namics experimentally and theoretically, demonstrating
KIS with milliWatt-level reference laser power compatible
with integrated lasers [52].

In contrast to existing self-injection locking approaches
where the main pump laser frequency follows the DKS
existence condition, here it is the DKS which locks its
frequency components to a separate reference pump, pro-
viding a direct external control to tune the microcomb
parameters. We show that the repetition rate of the DKS
can be controlled by adjusting the reference pump fre-
quency, with a tuning set by the frequency division factor.
By demonstrating short- and long-term stability divi-
sion compatible with an optical clock architecture, we
show the viability of our clockwork technique. Finally, we
demonstrate that KIS enhances CEO frequency detection.
Thanks to large SHG power available from the reference
pump and the self-balancing effect increasing the short
DW, it becomes possible to use an EOcomb to measure
the f — 2f beat note and resolve a CEO frequency in
the 300 GHz range. Our work is an important step to-
ward compact optical clocks for fieldable applications in
position, navigation, and timing, both by decreasing the
power budget and greatly simplifying the architecture
for both locking the microcomb to an optical reference
and microcomb self-referencing. It also paves the way for
future physics investigations that can probe novel DKS



states thanks to the nonlinear connection between CW

light and intra-cavity pulses.
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Fig. 1 — Clockwork concept — a Mechanical Shortt’s clock concept (left) and its optical counterpart. This scheme, which is the current
state-of-the-art approach, links a reference laser stabilized to atomic transition fief with a microcomb tooth (typically at the dispersive wave
fpw) to reduce frequency to the microcomb rate frep. The active feedback increases power budget and complexity, resulting in chip-scale
integration challenges. b Mechanical Huygens’ clock concept (left) and equivalent optical clockwork. This scheme corresponds to the
concept of passive Kerr-induced synchronization (KIS) between the reference and the comb, which we study in this work. In the mechanical
clock, the coupling between the two pendulums is lossy and results in poor long term stability. In the optical regime, the coupling can be
provided by the lossless optical Kerr nonlinearity. The coupling link between the DKS and the reference laser created by injecting the latter
directly into the DKS microresonator enables passive synchronization for a significantly simplified optical clockwork. In addition to passive
synchronization, we show in this work that the KIS regime also dramatically improves the detection and locking of the CEO frequency.

Fig. 2 — Concept of phase locking for Kerr-induced synchronization (KIS) — a DKS circulating in a resonator where the envelope
travels at the group velocity while the fast oscillations travel at a distinct phase velocity, resulting in a non-zero carrier envelope offset. A
second, reference pump laser can also be injected into the DKS resonator. b In the unsynchronized case, the phase velocities of the
reference and pump components of the MDKS are different, yielding a constant phase slip in time, and hence an offset in CEO observable
in the comb spectrum. ¢ In the KIS case, there is no temporal phase slip between the components, and thus the MDKS becomes a single
DKS. Consequently, no CEO frequency offset is observable as the reference pump has captured a comb tooth.

Fig. 3 - Experimental demonstration of synchronization. — a Experimental (open circles) vs. simulated (dashed line) dispersion of
the microring resonator highlights an accessible dispersive wave (DW) at p = —92 (=~ 194 THz). Another high-frequency DW is inaccessible
due to pulley-coupling optimizing the main and the reference pump coupling. b OFC obtained while pumping at 284 THz with a cooler at
308 THz for thermal stability, and a reference pump near 194 THz. The different regimes of the DKS with different detunings of the
reference at ;= —91 are highlighted. ¢ Recording of the CEO frequency mismatch Q (y axis) with the reference pump detuning dwyer (x
axis). The absence of a beat in the central region is a signature of the synchronization. The experimental data (left) are reproduced
accurately by the LLE (right). d Zoom-in around the DW mode, exhibiting lower comb tooth power the further from p = —92 the
azimuthal component is. e The KIS bandwidth depends on both the reference pump and azimuthal mode number power. As expected by
the Adler equation, we observe a decrease of the bandwidth for lower comb tooth power. The reduced maximum power arises from
decoupling from mechanical relaxation over time.

Fig. 4 — Control of the DKS repetition rate from the reference pump alone — a Concept of repetition rate tuning. In the KIS
state, the reference pump is a comb tooth, and thus its tuning stretches or compresses the OFC, resulting in a shift of the repetition rate. b
LLE simulation of the repetition rate shift with the reference pump detuning. The slope in the synchronization window is the expected
frequency division factor us = —89 (top). We verify the change in slope when the reference pump is tuned to different azimuthal mode
numbers (bottom). ¢ Optical frequency comb under study, similar to Fig. 3. We use the electro-optic comb apparatus to translate two comb
teeth in a detectable bandwidth (inset). The teal comb is in the KIS regime; dark blue is without hte reference pump. d Experimental
measurement of the repetition rate change with the reference pump detuning. The slope in the synchronization window respects the
division factor us for different probed azimuthal mode numbers, in accordance with simulation predictions.

Fig. 5 — Validation of the clockwork under passive synchronization — a Electrical spectrum analyzer measurement of the DKS
repetition rate under different conditions, including without reference pump synchronization (left), synchronization but with the main and
reference unlocked (middle), and synchronized with the main and reference pumps locked to a fiber frequency comb. The frequency axes
have been referenced to the actual DKS repetition rate frequency. The power is normalized to 1 mW. b Frequency counter trace (gate time
of 10 ms) of the repetition rate in a synchronized state with lasers locked to the fiber comb, highlighting a standard deviation of about 12
Hz (red dashed lines), for an average repetition rate of 997,387,327, 768 Hz.c Repetition rate phase noise comparison: unsynchronized
single pump (red), KIS regime (green) with a locked main pump. The free-running reference pump’s phase noise divided by the number of
modes between pinned teeth (blue) matches the repetition rate noise, indicating frequency division. The main pump’s scaled phase noise
(grey) is negligible. Power is referenced to that of the carrier, i.e., dBc/Hz. d Long-term of the repetition rate’s stability in the KIS regime
(green) compared to the fiber comb (dark blue). The 1/7 trend at long averaging time showcases coherent phase locking. Plateau between
1s to 10s are likely due to environmental factors. The schematic represents links between the 10MHz Rb standard, 80MHz fiber comb, and
the synchronized DKS rate.

Fig. 6 — Carrier Envelope Detection Improvement: Self-Balancing and Large SHG Power — a Experimental microcomb with
harmonic DW, synchronized with a 1.5 mW reference pump (red) and without (blue). The CEO measurement is made possible thanks to
the large available SHG power from the reference an the increase in short DW power via self-balancing. b Increase of the short DW by 8 dB
through the self-balancing effect that increases the DW opposite to the reference laser. ¢ Experimental measurement of the short DW
power dependence with the reference power and detuning using a 800 nm short pass filter and a power meter. The peaks correspond to
reference pump tuning the repetition rate of the microcomb into optimal phase matching for the short DW. The power dependence arises
from the synchronization condition for which the soliton must balance, hence increasing its radiation into the short DW. d Optical
spectrum around the SHG of the reference laser with (purple) and without (dark blue) electro-optic modulation to create an electro-optic
comb for detecting the >300 GHz CEO frequency. e Measurements of the CEO frequency. Tuning the reference pump frequency impacts
both wrep and weeo. Different reference frequencies yield varying weceo values, consistent with predictions and a 20 MHz uncertainty. Beat
notes symmetrically align against the electro-optics modulator’s driving frequency weo = 5.6033 x 2w GHz.



Methods

LLE simulations — The extended Lugiato Lefever
equation model including multiple driving fields can be
written as [40]:

da(6,t) K . o
ot :_§a+%§:A(H,t)Dint(#)e g 2)
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+ 189+Z’Y la|“a

44 E /chtpjeiujQJri(Dmt(M)+5wj)t
J

with a(0,t) = >, A(p,1)e’", k and key; the total and
external losses, P; the power of each driving field 7,
Diyi(1t5) the integrated dispersion at the azimuthal mode
LY =w :;f the effective nonlinearity with no the material
nonlinearity and Aeg the effective mode area, L = 27 R
the resonator round trip length, and AD; the mismatch
between the linear free spectral range at the pump (i.e
from which Dj, is defined) and the soliton repetition
rate. In our system, we are in the presence of two driving
fields, the main pump at p = 0 and the reference at u.
To obtain the optical frequency comb that is observed in
experiment the following protocol is observed, similar to
the one presented in ref [27]:

1. For each reference detuning dwyef, find AD; such
that the soliton position in # is invariant with ¢

2. Solve the LLE and sample the soliton at every round
trip time to effectively emulate the periodic extrac-
tion by the bus waveguide

3. Reconstruct the pulse train by concatenating every
sampled soliton to obtain awg(t)

4. Fourier transform the pulse train to reconstruct the
OFC and obtain Ayg(w)

5. Recast the frequency comb into a two dimensional
system Aywg (1, 2) by resizing Ayg(w) by the repe-
tition rate sampling size, thus any power compo-
nent within [—wyep/2; +wrep/2] around a given comb
tooth p of the DKS

6. Integrate Ay (u, ) along p to obtain S(£2), which
is equivalent to the experimental measurement of
the beat note arising from the CEO frequency shift.

7. Repeat for every dwyer to create the plot presented
in Fig. 3c.

In order to retrieve the dynamics presented in Fig. 4,
there is no need to obtain S(£2) but rather it is about
finding AD;. If one assumes a very slow variation of dwyef,
we can make the approximation that dwe is constant in
between t and t 4 t. One can then extract the drift of
the soliton within this time window and obtain AD;.

Electro-optic comb apparatus for w,, detection—
For an OFC to span over an octave in an on-chip format,
the repetition rate must be high, here about 997 GHz,
to minimize the number of comb teeth needed to span
the octave and reduce the pump power needed. We use
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an electro-optic comb (EOcomb) apparatus [53] made
of three cascaded electro-optic (EO) phase modulators
driven at fgo = 17.47 GHz to measure the DKS repetition
rate by modulating two of its adjacent OFC comb teeth.
The phase modulation of the DKS OFC teeth forms an
EO comb spanning over 1 THz with Ngo = 57 EO teeth,
which, where they overlap, allows us to record their beat
note and infer the DKS repetition rate frep = Nrofeo £

foeat [Fig. 4c].

Electro-optic comb apparatus for wcgo detection—
To measure the CEO frequency in Fig. 6, we used two
cascaded electro-optic modulators driven at a frequency
wgo = 5.6033 x 2 GHz. This, combined with the in-
creased power of the high frequency DW through the self-
balancing effect, enables efficient detection of the CEO
using a 10 GHz photodiode [Fig. 6d]. Thanks to the KIS
regime, DKS repetition rate can be estimated by using
a wavemeter measurement for each pump, allowing to
retrieve the expected CEO frequency.

Phase noise measurement — The single comb line
or laser phase noise is measured through a 10 MHz
FSR Mach-Zehnder interferometer (see Supplementary
S4) with a low noise 125 MHz photodiode and electri-
cal spectrum analyzer. The repetition rate noise in the
KIS regime is measured using the EOcomb apparatus
and a photodiode with a noise floor of -72 dBc/Hz over
its 50 MHz bandwidth, and characterized using a phase
noise analyzer (PNA) referenced to the EOcomb synthe-
sizer. The repetition rate frequency in the unsynchronized
case is not stable enough to be measured using the PNA,
hence it is derived from the individual comb tooth noise
at 1 = 92 in the absence of the reference pump (see Sup-
plementary S5) and with a locked main pump using the
MZI detection method.

General experimental protocol — For a complete
description of the experimental setup, please refer to
the Supplementary S2. To measure the CEO offset
highlighting the synchronization in Fig. 2, a 6 GHz
photodiode measures the comb, with the main pump
and the cooler filtered out. For measuring the repetition
rate in Fig. 4, we send two adjacent OFC teeth through
the EO comb apparatus. We then use a narrow filter to
only select the two EO comb teeth that participate in
the frequency downconversion repetition rate beat note,
which we record with a 50 MHz avalanche photodiode.
For the noise measurements presented in Fig. 5, the same
type of filtering is used with the 80 MHz fiber comb
beating against a single DKS OFC tooth.
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S-1. Adler equation for the Multi-Color DKS (MDKS)

We are seeking to find the equation of motion of the system, in particular the equation describing the evolution in
time of the phase difference between the reference pump laser ¢,ef at azimuthal mode g (defined relative to the main
pump at g = 0) and the corresponding DKS azimuthal component A, with the phase @qus(fs). We know that the
carrier envelope offset frequency arises from the phase velocity, such that weeo = d¢/0t. We are assuming that the
pulse that is generated by the reference laser is locked to the pulse that is generated by the pump laser to form a
single MDKS that propagates with a single group velocity. However, each component of the MDKS will in general
have its own phase velocity, hence its own CEO frequency wééf)f) and wéé‘}f s) for the reference and main component of
the MDKS respectively. This phase velocity difference is given by:

87(1) o a<)Orcf o a(Pdks (Ns)
ot ot ot

_ ref dks
- w((:eo ) — wgeo )

= Wref — Wdks (/J«s) (Sl)
- wcav(,us) + 6wref - (wo + Mswrep)

with ¢rer and @qis(us) the relative phase of the reference pump and its closest DKS azimuthal component respectively,

W) being the CEO frequency relative to the DKS (X = dks) or the reference pump (X = ref), wyef is the frequency of
the reference pump which is offset from the cavity resonance weay(1ts) by a detuning Awyer, and waks(fts) = wo + thswrep
is the frequency of the closest comb tooth from the reference pump frequency with wyep, being the repetition rate of the
DKS and wgy being the main pump frequency. %—f represents the repetition rate in the second dimension of the 2D
comb reported in ref. [1].
Additional differentiation of Eq. (S.1) provides a direct link between the phase mismatch ® and wyep:
2
e~ (52
t ot
We now suppose that in the resonator angular coordinate @ there is a short-duration pulse whose central angle 6 is
well-defined and rotates at a constant angular velocity with a fixed shape. Therefore, we have:

o a9
Eaol = [ 0la(0.0)*% (S.3)

—T

where a(6,t) satisfies the modified LLE equation presented in Eq 2 in the Methods. The quantity Eqys is given by
f %m(@, t)|? and represent the DKS energy, so that 6 is the pulse averaged central angle of the pulse. We then have

g d [7 5df T da* L0a1dl
Edksa = a/;r 9|a(9,t)‘ % = ‘/_ﬂe[aﬁ +a E % (84)
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We must first assume that the loss and gain terms make a negligible contribution to the momentum. This assumption
implies:

~ " 2d9 _ " * * 2 do
0~/_ﬂ9|a(9,t)| = —/_WQ[F(L +F*a rlal?] 5 (S.5)
with F' being the main driving force in Eq 2 in the Methods and we assume the reference pump is negligible before the
main pump power, which is the case in our experiment. The assumption that the loss and gain terms are negligible
is reasonable since the magnitude of these terms is small. There is, however, no expectation that it is exactly zero.
Otherwise, the Kerr effect terms cancel out, so we can thus focus on the linear contribution, which is the dominant
contribution. It is useful now to work in the mode number domain. We write:

27Ta

A(p,t) = / " do (6,6)e ™0, a(0,t) =Y A(p,t)e™ (S.6)

We then have under the same approximations:

dA(p)
dt

= iWeav (1) A1) (5.7)

with weayv (1) the azimuthal component optical frequencies on resonance. Using Eq. (S.7) and injecting it in Eq. (S.4),
accounting only for the linear terms, integrating by parts, and noting that only the term g = 0 survive the integration,
we obtain:

For Sy = = 3 el () An) A* (1) (S.8)

() = dwcd"i}:(“). It should be noted that we are assuming that A,, and weay (1) are both continuous functions of

1 with continuous derivatives, and thus assuming a resonator without mode coupling to different propagation directions
(i.e. backscattering) or mode families (i.e avoided mode crossing).
The dispersion can be accounted in different fashions, either through a Taylor expansion assuming mode-independent
d(;‘;“ = D;(p). Noting that in the cavity
referential the temporal variation of the the pulse averaged central angle % translates directly into the repetition rate
Wrep;, WE can write :

with wl,,

coefficients or assuming a mode-dependent free spectral range such that w;, =

1
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Taking the time derivative of this equation, we obtain:
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We can write the coupled mode theory equation for each azimuthal mode component A(u) accounting for the Kerr
nonlinearity as:
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(S.11)
Here, weay () are the resonance frequencies of the modes p normalized to the pump mode, v = wna/Aeq is the effective
nonlinear coefficient, with ny = 2.4 x 107*® ¢m?-W-!, which we assume constant for simplification (yet given the comb
bandwidth it should not be), L is the circumference of the resonator, eyt is the coupling rate and x the total loss rate,
Prain and Pyes are the main and reference pump laser power, p is the azimuthal mode at which the reference laser is
situated, and d(x) is the Kronecker delta function such that §(u = z) = 1 and §(p # x) = 0. We note that pg is the



main pumped mode, which is null here per normalization, yet we explicitly label it here to avoid confusion with a
simple zero.

Plugging Eq. (S.11) into Eq. (S.10), several things can be simplified. First, we can note that all linear imaginary
components of Eq. (S.11) cancel each other out for each u, and only the terms where the pumps are presents need to
be kept. In addition, we can note that the relative phase between the main pump and its corresponding phase is fixed.
Thus we obtain the following equation for the temporal derivative of the repetition rate:
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= kD1 (ps) K sin [(ﬁpref - @dks(us))t} + kD1 (o) Ko — kD1 (po) KNL — KWrep (S.12)
Here, we note that the sin function appears because of —i(c — ¢*) = 2Zc¢. The following parameters are defined:
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Using Eq. (S.2) and Eq. (S.10), we arrive at:

10%® _
;W = _Mle (NS)KS Sin ((I)> + :U’SDl(MO)KNL + HsWrep (813)

Using Eq. (S.1), we can replace wyep to obtain the extended Adler equation which describes the phase locking of the
soliton to the reference laser:

10%°® 0% .
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We can recall:

wcav(,us) —Wwo = Dint(,us) + ps Dy (,UO)
Leading to

19?0 09
—;aa? - %—t = Dint(pts) + A — T sin (®) (S.15)
This results in the equation of motion of a damped pendulum under constant torque driving [2], with the effective
detuning A = dwrer + s D1 (110) (14+ K1, — Ko) along with Dj(us) associated to the damping of the effective pendulum
system, and T = D;(us)Ksps the effective “natural” torque of the system (i.e. the mass, cord length and gravity
acceleration product). For the synchronization to occur, the right hand-side of the equation needs to cancel out. This
leads to a condition on the integrated dispersion at the reference pumped mode, which needs to be minimized or needs
to be compensated for by the reference pump detuning. As dw,er is limited, this imposes a hard limit on which mode
can be used. Hence, sending the reference laser at the modes where the DW(s) occur allows one to minimize Ding(fts)
and reach a synchronization regime.

From the above, we can extract the locking bandwidth for which the reference laser can be tuned while maintaining
synchronization, around a center frequency yet to be determined, as follows:

|A(,us)| Pretbext
2

AWlock =27 = 4TDl (Ms)/ffs (816)
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To give some more insight about the typical values associated with KIS of the DKS to the reference pump laser in
our system, we extract the following parameters from the LLE and experiment:



Parameter Values
[A(o)| 3 x 10% J1/2
|A(ps)| 1x 1072 Ji/2
FEpks 1x1073]

Rext 2 x 80 MHz
K 21 x 150 MHz
s 92
Pmain 150 mW
Pret 1 mW
K,s 4x107°
Ko 1.4 x 1075
D1(/L0) 27 x 1 THz

wsD1(po)Ko 27 x 1.26 GHz
psD1(po)Knr 27 x 100 MHz
T 21 x 365 MHz
Awiock 27 x 730 MHz

Finally, we can determine how a small change in the reference pump detuning dwyer, which we call ddw,et, is related
to a small change in wyep, which we call dwrep, simply by differentiating Eq. (S.1), noting that in the synchronization
regime 0®/0t = 0, and assuming the frequency of resonance and the pump are fixed (as in the experiment). This
yields:

ddwrer = psdwrep (5.17)
Hence, any variation of the reference pump detuning is frequency divided onto the repetition rate with a factor

defined by the reference pump mode number ps (assuming the main pump remains fixed), similar to the experimental
demonstrations in Fig. 4



S-2. Complete experimental setup
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Fig. S1 — Complete experimental setup. EOM: Electro-optical modulator; RSA: real time electrical spectrum analyzer; OSA: optical
spectrum analyzer; WDM: wavelength demultiplexer; CTL : continuous tunable laser; MZI: Mach-Zehnder interferometer; APD: avalanche
photodiode; PC: polarization controller; YDFA: Ytterbium-doped fiber amplifier; TA: tapered amplifier

The complete experimental setup is presented in Fig. S1. Although it seems quite complex at first, most of the
components are dedicated to characterizing the synchronization state, which in an application system would not have
to be used. Three CTLs are used, a main pump from a 1060 nm CTL, a reference laser from a 1550 nm CTL, and a
cooler pump from a 980 nm CTL. Only the reference laser is not amplified, as the synchronization does not require
high power to be obtained. The polarization is set for each laser, transverse electric for the reference and main pump,
and transverse magnetic for the cooler to avoid spurious nonlinear mixing in the ring. The reference and the main
pump have a small amount of their power tapped for them to be locked to the 80 MHz Toptica fiber comb and sent
to the MZIs for frequency noise characterization. The different lasers are combined using wavelength demultiplexers
(WDMs). The cooler is filtered out after the chip to avoid high 980 nm power going upstream toward the main and
reference pump.

To characterize the DKS OFC, a portion of the light at the output of the chip is sent to the optical spectrum
analyzer. The other part of the light exiting the chip is sent to different WDMs for filtering before being sent to different
instruments. The CEO offset measurement presented in Fig. 2 is obtained by sending the 1550 nm WDM filtered light
to a 6 GHz photodiode, with the output analyzed with an electrical spectrum analyzer for each reference detuning. To
obtain either the repetition rate presented in Fig. 4 or the repetition rate noise in Fig. 5, we tap a portion of the light
going to the 6 GHz photodiode to either go through the EO comb apparatus or beat directly against the fiber comb.
Then a narrow bandpass filter is used to select only the frequency components playing a role in the beating, which is
then detected using a 50 MHz avalanche photodiode and processed either with the electrical spectrum analyzer or the
phase noise analyzer.



S-3. Arnold tongue bistability
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Fig. S2 — Arnold tongue hysteresis exhibiting a different behavior if probed from red to blue detuning or from blue to red. Although
thermal bistability could exist, the very low reference laser power — especially below 1 mW — suggests that it alone is unlikely to explain the
observed hysteresis. The zero is determined in both cases by a fixed frequency that is measured accurately (< 30 MHz uncertainty) with a
wavemeter.

The measurements shown in Fig. 2 of the synchronization bandwidth with reference power are analogous to the
well-known Arnold tongue. The experiments presented in the main text are performed with reference laser detuning
from red (frequency) to blue (lower frequency). With the on-chip power of the reference below 3 mW, little thermal
bistability would be expected, and no bistability at all should be expected with power below 1 mW. However, performing
the Arnold tongue characterization with blue-to-red or red-to-blue tuning exhibit a hysteresis, a signature of bistability.
The zero frequency of the reference detuning is the same for both scanning directions and is determined with a
wavemeter with an accuracy of about 30 MHz, better than the measured hysteresis bandwidth of about 500 MHz.

S-4. Frequency noise estimation from Mach-Zehnder transmission mea-

surement
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Fig. S3 — a Schematic of the MZI used to measure the frequency noise of the laser. b Concept to retrieve the frequency noise from the
noise measurement of the light set at the quadrature point of the MZIs, converting the frequency noise into voltage noise which can be
observed through an electrical spectrum analyzer.

In order to measure the frequency noise of the reference laser as shown in Fig. 5, or of a single comb tooth as
described in Section S-5, we used an imbalanced fiber Mach-Zehnder interferometer with a free spectral range of
10 MHz. Working at the quadrature point allows us to convert the frequency noise of the light under study into a
voltage noise which can then be observed and processed using a spectrum analyzer (RSA). To retrieve the frequency
noise from the RSA, the following algebra is used:

S, = [A”MZI sin~! (UMZI>]2 [Hz2 /Hz] (S.18)

m Amzi



with Upzr = V50 x 10~3 x 105mz1/10 the voltage obtained from spectral measurement, where Syiz1 is the optical power
in decibels normalized to 1 mW of the MZI noise at quadrature (i.e., in dBm), the spectrum analyzer impedance is
assumed to be 50 Q, Ay, is the amplitude of the sinusoidal modulation with frequency of the MZI, and Awyz; is the
free spectral range of the MZI at the frequency of interest [Fig. S3].

To convert the frequency noise to phase noise, we use the following relation:

S, =10log, (ig) [dBc/Hz] (5.19)

S-5. Single comb tooth noise reduction

The frequency noise of the individual comb teeth of a microcomb OFC grows quadratically with the mode number,
mainly since the thermo-refractive noise (TRN) is one of the dominant noise sources in such a compact cavity. However,
in the synchronized case, the repetition rate is fixed by the two pinned frequencies: the reference and the CEO frequency
(when the CEO is stabilized); or, in our case for the latter, the main pump frequency. To this extent, measuring the
frequency noise of a single comb tooth in the different regimes is interesting. From Fig. S4, it is clear that in the
unsynchronized case, the noise is relatively high and follows the characteristic TRN profile. When in the synchronized
case, each comb line’s noise is significantly reduced and follows the noise characteristic of the pinned frequencies.
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Fig. S4 — Frequency noise of several single microcomb OFC teeth measured using the MZI apparatus from Section S-4, while having the
reference at pus = —94. In red, we display the unsynchronized case (i.e. no reference present in the system), in yellow the synchronized

system with all lasers being free running, and in blue the synchronized system with locked lasers. The power is referenced to the carrier, i.e.,
dBc/Hz.

S-6. Soliton self-balancing under Kerr-induced synchronization

The dynamics of self-balancing of the soliton in the KIS regime can be easily understood through a simplified
explanation of the underlying physics. Firstly, it is important to remember that the observed DWs (dispersive waves)
in the microcomb spectra are oscillatory tails in the cavity coordinate, with the red DW trailing behind the blue
DW [Fig. S5a]. As mentioned earlier, the KIS regime is favored, though not limited to, modes where the integrated
dispersion is minimized and is therefore close to the DW. Once synchronized, the reference laser captures a comb
tooth, causing the dropped reference pump laser to become the oscillatory tail in the intracavity profile, significantly
increasing its amplitude [Fig. S5a]. As a result, the center of mass of the DKS is shifted. However, in this regime,
the main pump and reference pump pin two of the microcomb teeth, fixing the repetition rate of the DKS. As a
consequence of the conservation of the first moments, the fixed repetition rate results in a fixed center of mass in time.
The soliton must adapt and self-balance to meet this condition. Since the shape of the soliton envelope is directly
related to the dispersion of the resonator, the only degree of freedom the soliton has to self-balance is by increasing its
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Fig. S5 — a Reminder of the relationship between the spectrum and intracavity profile of the DKS. b Toy model to understand the
self-balancing effect in KIS. The reference pump becoming a DW increases the oscillatory tail amplitude of the DKS. However, the
repetition rate being fixed, the center of mass must be constant in time, and hence the soliton must self-balance by increasing radiation in
the other DW. ¢ Simulation of the repetition rate variation with reference pump power variation (lighter to darker = lower to higher
reference pump power). d Simulation of the opposite DW comb tooth power from the reference with reference pump frequency tuning and
power. The bump in the profile corresponds to the optimal phase matching condition from the repetition rate tuning, and the increase of
the DW power with the reference power is a signature of self-balancing. e Experimental measurement of the short wavelength DW power
using an 800 nm short pass filter (blue) and calibrating the frequency sweep with a MZI (red) and AC-coupled photodiode detection of the
CEO mismatch between the reference pump and the nearest comb tooth (green). f Experimental demonstration of self-balancing of the
short wavelength DW with C-band reference pump.

radiation into the other oscillatory tail, thereby enhancing the power of the opposite DW from which synchronization
occurs.

Mathematically, this effect is apparent from either Eq. (S.10), where the conservation of the repetition rate in time
can only be balanced by Ky, for any change of Pyet, or in Eq. (S.15), where the left-hand side must remain null in the
synchronized case even for variations in P, where the opposite sign between 7 and Kyi, emphasizes the increase of
the short DW to remain synchronized.

We verify this theoretically by performing LLE simulations and probing the DW azimuthal component power with
the change of the reference pump power and frequency detuning. First, in the KIS regime, the repetition rate is tuned
by the reference pump frequency tuning [Fig. S5c]. This allows us to change the phase-matching condition of the
azimuthal component with the cavity resonance (see the next section for more detail). Hence, an optimum repetition
rate exists for which the DW is maximized for any reference pump power, as seen in Fig. S5d. However, for any given
phase-matching condition of the DW component, its power is dependent on the reference pump power, emphasizing
the self-balancing effect and the robustness of the soliton.

We measure this effect experimentally using the fast (50 Hz) piezo element of the CTL laser, allowing for fine tuning
of the reference pump laser. Using an 800 nm short pass filter, we record the short DW power while synchronizing
with the reference pump in the C-band. We also record the transmission of the reference pump through a 40 MHz
Mach-Zehnder interferometer for frequency calibration of the scan and the measured beat between the reference pump
and the closest comb tooth [Fig. S5e]. In the KIS regime, this beating is null, so coupling the photodiode in AC mode
allows us to retrieve the KIS bandwidth in the absence of a beat signal.

Using a tunable attenuator, we vary the on-chip reference pump power from 350 pW to 1.4 mW and observe the
same behavior as the theory predicts, namely optimization of the phase matching at a given reference pump frequency
while observing an increase of the short wavelength DW power with the reference pump laser.



S-7. Dispersive wave tuning from repetition rate tuning under the KIS
regime

As discussed in the previous section, the DW phase matching condition can be tuned by the reference pump frequency
tuning. The change of repetition rate allows for the azimuthal component at pupw to be more or less phase matched
with the cavity resonance such that with optimum when Spks(w) = Bres(w), which from the discrete set p of linear
resonance [res(w) = 2w R(p + o) where pg is the main pumped mode and R the resonator radius . Hence, the phase
matching condition can be simply transformed into a frequency condition one such that w(pupw) — wrepptpw = 0, where
pupw is the dispersive wave fulfiling this condition. When wye, = Dy with D; the linear free spectral range at the
main pump, this phase matching condition is the integrated dispersion Din (), where its zero crossing exhibit phase
matching hence DW enhancement.

In the KIS regime, the change of the repetition rate allows for tuning of the phase matching condition. Interestingly,
if the change of repetition rate is large enough, one could tune into phase matching different azimuthal mode p around
the linear DW mode pupw. We explore this posibility through LLE simulation using a 10 mW reference pump power.
As expected, the repetition rate is changing linearly with the reference pump detuning [Fig. S6a]. Probing four different
modes, the original DW mode upw and up to three modes lower (Aupw = —3), we see that the enhancement alternates
based on the repetition rate of the DKS. In the microcomb spectra, this translates to the possibility to pick the mode
that will experience DW enhancement [Fig. S6¢-d], which can find application in tuning of microcomb tooth power for
interfacing, for instance, to atomic systems.
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Fig. S6 — a Simulated repetition rate tuning with a reference pump power of 10 mW at upw = —90. b Power of different comb teeth, with

Appw = 0 being the nominal DW mode without reference pump at g = 116 and Aupw = X is X comb teeth away. ¢ Comb spectra for
reference pump detuning corresponding to the maximum of power of Aupw = 0 (blue) up to Aupw = 3 (red). The comb envelope under
single pumping (no KIS) is shown in green. d Zoom-in at the short wavelength DW (opposite from the reference pump), highlighting the
tuning of the DW with the reference pump frequency.
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